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PREFACE 



Since the publication of Professor Woodhouse's 
Treatise on Isoperimetrical Problems in 1810> no 
work has appeared in English on the Calculus of 
Variations which can be said to embrace the subject 
generally ; and the student is thus left to seek in- 
formation from foreign authors. 

In Lacroix's Traits du Calcul Dtfferentiel et du 
Calcul Integral, Tom. 11.^ we find materials suf- 
ficient to form a complete work on Variations ; but 
the subject is treated in a manner so prolix and 
inel^antj that the reader's taste will scarcely b^ 
improved^ how much soever his knowledge may be 
increased by the perusal. The want of examples 
also for illustrating the theory^ must add greatly to 
the labour of the student^ and retard his progress 
both in this and in many of the other subjects 
treated in the author's three ponderous volumes. 
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IV PREFACE. 

In a branch of analytical science so abstract as 
the Calculus of Variations, which originated in 
solving a particular class of problems^ and gra- 
dually reached its present perfect state, little pro- 
gress can be made without constant reference to 
examples ; and probably no student who turns his 
attention for the first time to the subject of Varia- 
tions, will fully understand the articles 16 — 22, in 
the following work^ until he has applied them to 
particular instances. I have, therefore^ introduced 
many examples, as the only means of lessening to 
my readers the difficulties of so abstract a theory. 

The twenty-second and twenty-third chapters of 
Lagrange's Lemons sur le Calcul des Fonctions, con- 
tain a general theory of Variations, arranged with 
much clearness and elegance. But the illustrious 
geometer has rendered this part of his work less 
useful, and even in some degree, repulsive, to the 
generality of students^ by rejecting the usual nota- 
tion, and introducing new signs, which, having no- 
thing to recommend them in preference to the old, 
have not been generally adopted. No one will dis- 
pute the right of Lagrange to models in any man- 
ner he chose, the Calculus of Variations, in the in- 
vention of which he had so great a share ; but those 
only will avail themselves of his speculations on this 
subject to whom different notations have become 
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familiar^ and a change of signs is a matter of little 
consequence. 

Woodhouse's treatise is distinguished by great 
learning and depth of research. It contains a full 
and interesting history of those problems called iso- 
perimetricalj which formerly occupied so much of 
the attention of mathematicians. The reader will 
also see beautiful inductive analyses of two general 
theorems^ which Euler^ with singular patience and 
assiduity, arrived at^ and which are of the utmost 
use in the solution of these problems, or rather may 
be said completely to solve them. The contempla- 
tion of such instances cannot fail to be interesting 
to those who are curious to observe how particular 
solutions and indirect and complicated processes give 
rise to simple and general theories. 

The following treatise has been written prin- 
cipally with the view of rendering a difficult and ab- 
struse subject more easy and accessible^ and of sup- 
plying the place of Woodhouse's problems in the 
course of study pursued at our universities ; for the 
short piece on Variations in the Mathematical Tracts 
of the Astronomer Royal^ can hardly be said to have 
superseded its necessity. And the student who has 
made himself acquainted with the Differential and 
Integral Calculus^ will find abundant exercise, of 



VI PREFACE. 

the most attractive kind, in the Calculus of Va- 
riations; affording, as it does, the choicest examples 
of integration. 

RICHARD ABBATT. 
EppTng, 1837. 
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SECTION I. 

1. When a variable quantity increases to a finite 
magnitude and then decreases^ this magnitude^ in 
reference to the variable quantity^ is said to be a 
maxirmtm ; and if a quantity decreases to a certain 
value^ and afterwards increases^ this value is called 
its minimum; and it is only such quantities that 
admit of maximum and minimum. Thus, the pro*- 
duct of the two parts into which any number may 
be divided^ admits of a maximum, and the distance 
of a given point from a straight line admits of a 
minimum ; whilst the distance of a given point from 
the periphery of an ellipse, is susceptible both of a 
maximum and minimum. 

Problems of maxima and minima first occur in the 
Conies of ApoUonius, in which nearly the whole of 
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Book V. treats of determining the greatest and least 
straight lines that can be drawn from given points upon 
the arcs of conic sections. The method of ApoUonius 
consists simply in demonstrating that every other 
straight line drawn from the same point to the curve^ 
is greater in the case of minimum^ and less in the 
case of maximum^ than that which he had deter- 
mined-; and this method^ which was used by Euclid *j 
has been followed by all geometers who have been 
employed in solving problems of maxima and minima 
geometrically. 

2. Format appears to have been the first that re- 
cognised the true principle which indicates the state 
of maximum or mininum^ viz., when a quantity 
approaches either of these states, its variations be- 
come less and less, and at length vanish* In the 
application of this principle to the solutions of these 
problems, Fermat made use of a method which ap- 
proaches so nearly to that of the Differential Calculus, 
that both Lagrange and Laplace f have considered 
Fermat as the real inventor. In his method de 
maximis et de minimis, he equated the function 
which is to be a maximum or minimum to the same 
expression, when the unknown or variable quantity 
is augmented or diminished by a small indetermi- 



• Book III. Prop. 7, 8. 
f Lemons sur le Calcal des Fonctions, p. 321. 
S}'8tem of the World, Book V. Chap. 3. 
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nate quantity ; then expunging the terms which are 
common to both sides, and dividing each of the re- 
maining terms by the indeterminate quantity, he ob- 
tained an equation from which the value of the 
unknown quantity of the question might be deduced. 
The following example, which was given by Fermat, 
will illustrate his method. 

To divide a straight line (a) into two such parts 
that their product may be the greatest possible. 

Let X be one of the parts, then a—x will be the 
other ; and their product, a x-^x^ is to be a maxi- 
mum. Adding to x the indeterminate quantity e, 
we shall have the new expression 

whence we have 

ax-^x^zza (j?+c) — (^4-0*i 
expanding the terms of the second side, erasing 
those which are common to both, and dividing the 
remaining terms by e, we obtain 

fl -. 2a: — e = 0. 

Now if we neglect e, as being 0, in the case of 
maximum, we shall have 

« — 2 X = 0, 
.'. xzz\a; 

shewing that the straight line must be divided into 
two equal parts, as we also know from Geometry. 
(Euc. II. 5.) 

B 2 



4 CALCULUS OF VARIATIONS. 

For another example^ let us take that which re* 
quires the value of x, so that the expression x^—hx^ 
may be a maximum^ which occurs in the problem to 
detertnine the greatest cylinder that can be cut from 
a given cone. 

Here e being the arbitrary quantity as before^ 
we have 

from which we deduce 

0=3 a:*— 2 bx-{-^ ear-f e^— 6 e, 
or^ omitting the terms affected with e, 

3 0**— 2 6a:=0, 

In both of these examples we easily see that this 
method gives the same equation as that which would 
be obtained by equating the differential coefficient 
of the function^ which is to be a maximum to 0^ for the 
principle in both is the same^ since the object in in- 
troducing the arbitrary quantity e, is merely to obtain 
the function which was afterward scalled the differ- 
ential coefficient^ or first derived functi<m. Although 
the principle of the Differential Calculus is thus dis- 
tinctly recognised in Fermat's method^ yet, in its 
general application to problems, it is necessary to 
make radicals and transcendentals contained therein 
disappear, which require particular artifices; and 
these, it is precisely the object of the Differential 
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Calculus to obviate^ by the simplicity and generality 
of its algoritlim. 

3. Problems of maxima and minima were among 
tlie first to which the Differential Calculus was ap- 
plied. 

Let 

ttz=/ar, 

be the function which is to be a maximum or mini- 
mum^ and let us suppose or to be replaced hj x + h, 
then u' being the corresponding value of v, we shall 

have 

d .fx h i^'fx }C 



\% 



u — 11=: 



r- + 



dx I dx* 1.2 

d^.fx h^ 
+ "5^ • 1T2T3 + ^^- . 

Now h may be taken so small that any term of 
this series will be greater than the sum of all the 
terms which follow^ provided that none of the dif- 
ferential coefficients become infinite; in other words^ 
that the development of the function is possible; so 
that the sign of the series will depend upon that 
of its first term. Hence when u is a maximum or 
minimum^ u' — u^ and consequently the first term of 

the series, -^^ • -, must be negative or positive re- 
dx 1 

spectively. 

But since the &ctor h may be either positive or 

negative, and, being of the first degree, the sign of the 
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term — iZ — -. will depend upon that of A ; there- 
d X 1 

fore the increment tf' — ti cannot be constantly po- 
sitive or constantly negative, unless the first term of 
the series vanishes. Hence we have 

dx 

This condition being satisfied^ the increment of u, 
or u' — u becomes 

dx^ ' I .2^ dx^ ' 1 .2.3 ' 

which must still be negative when u is a maximum, 

and positive when u is a minimum ; but the term 

d^ fx h^ 

— '.jL^ . — -., having the square of A as a factor, 

dx* 1.2 
will manifestly have its sign independent of that of 
k, and will therefore depend entirely upon the sign 

of the function — -^' 

dx* 

Hence, when u "nfx is a maximum or mini- 
mum, we shall have 

d X 
and to distinguish the one from the other, the quan- 

tity — i will be negative in the former case and 
dx 

positive in the latter. 
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If both --— and — - vanisH, then the same rea-^ 
d X d X 

dP u 
soning will shew that — ^, must also vanish^ and 

d or 
.. — be negative^ when u is a maximum^ and posi- 

tive> when u is a minimum : and so on. 

4. In the ordinary problems of maxima and mi- 
nima in the Differential Calculus^ and generally in 
all its applications^ the -nature of the function is 
supposed to be known^ and to remain the same 
during the progress of the inquiry ; and the object 
to be attained is the determination of that parti- 
cular value of the variable which makes any pro-> 
posed function a maximum or minimum. This^ as 
has been explained in the preceding article^ is ac« 
complished by making the differential coefficient 
equal to 0^ and an equation is obtained, the solu- 
tion of which will give the value of the variable, 
corresponding to the maximum or minimum value 
of the function. Thus suppose the function u :='fx 

to be 

a -^ X .-— 



we have 


u 

du 
dx 

we { 


X ^ 


from which 


obtain 

xzzW a 6** 



= 0; 
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and the corresponding value of the function 

is its minimum^ since the second differential coefii^ 
cient 

dx* ~" {x i/yi ^ r^y 

is a positive quantity. 

There is then no difficulty in obtaining the ge- 
neral solution of problems of maxima and minima 
when the relation between the maximum or mini- 
mum quantity and the variable is known, since the 
subject is reduced to the solution of a finite equation. 

But when the function is given only by means 
of an integration which cannot be perfoimed in 
consequence of our ignorance of the nature of the 
functions contained in the differential coefficient, 
the ordinary operations of the Differential Calcu- 
lus entirely fail, without the application of prin- 
ciples which are not usually explained in treatises 
on that branch of analysis. The general solution, 
however, has been accomplished by the aid of views 
which embrace more abstractedly the nature of func- 
tions. This theory, which we shall fully explain 
in the following pages, constitutes . the Calculus of 
Variations. 
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SECTION II. 

5. The Calculus of Variations, a name given by 
£uler to one of the first and principal discoveries 
of Lagrange, consists in a method of finding the 
.funCtionB relative to the maxima and minima of 
indeterminate int^als. As this subject is in a 
high degree abstract, it was only after the mind 
had long been familiarized with particular ex- 
amples, that the general law which embraced them 
became gradually unfolded, and at length brought 
into view. Accordingly we find that James and 
John Bernoulli, and others, had made considerable 
pri^ess in the solution of problems of this nature ; 
when Euler, after following for some time their 
methods, undertook to generalize these particular 
solutions ; and, viewing the subject more abstractly, 
he finally succeeded in reducing the various diffi- 
culties of this extensive problem into distinct classes, 
which required only the application of the Integral 
Calculus to complete the solutions. At last La- 
grange, in accordance with views almost peculiar to 
his own mind, perceived that the subject was one of 
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}ure analysis. By the invention of a distinct no- 

Ation, he remodelled, in beautiful symmetry, all 

liat bad been effected by Euler, and by point- 

Dg ont the meaning and use of what remains inde- 

lerminate at the limits, and other discoveries, he 

eft in its present state this curious branch of 

inalysis, which is only imperfect because the me* 

hods of the Intend Calculus are bo< 

6. When a given function of several variables and 

if their differential coefBcients does not satisfy the 

onditions of int^rability, it is not susceptible of 

ntegration unless there exist established relations 

imong the variables referred to one which is r^arded 

IS the independent variaUe. The object then to be 

>btained is to determine such relations as will render 

he int^tal of the given function a maximom or 

ninimnm between given values of the variable, whi<^ 

B considered indeteiminate. 

dv 
For example, if F is a given fonction of x, y, -^—i 

-~f &c, let us suppose Uto be the function of which 

P' is the differential coefficient, so that Sif ~ TT 

Uzz/Vdx; 
md let y := f X be the fonction, which, by substitu- 
ion ia^V, will render the quantity U, atJ'Vdx, 
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between given limits^ a maximum or minimum : 
the object of the Calculus is to determine the nature 
of the function 9 x. Hence these problems of maxima 
and minima are of ^ much higher kind than those 
of the Differential Calculus ; in consequence, how- 
ever, of the attention which they received from geo- 
meters about the commencement of the last century, 
and the great interest excited in the minds of Euler 
and Lagrange, the solutions of particular problems, 
which were interesting in proportion to their diffi- 
culty, have become merged in that of the general 
problem which these illustrious geometers effected. 
The first problem of the kind on record* is the 
determination of the curve which generates the solid 
of least resistance in a fluid resisting as the square 
of the velocity ; of which Newton gave a construc- 
tion derived from the differential equation to the 
curve, without pointing out the method by which he 
obtained this equation. It was, however, supplied 
by Lagrange. (Cal. des Fonc, p. 425.) The next, 
though less difficult than the preceding, was the 
celebrated problem of the brachystochrone, or curve 
of quickest descent, which was proposed by John 
Bernoulli for solution in the Acta Eruditorum for 



• Prindpia, Lib. II. Prop. 34. Schol. 
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1696^ published at Leipsic^ under the following 
form : 

Pboblema Novum, 

Ad cujus solutionem mathematid invitantur. 

Datis in piano verticali duobus punctis A et Bj 
assignare mobili M, viam A M B per quam gra- 
vitate sua descendens et mover! incipiens a puncto 

A, brevissimo tempore perveniat ad alterum punctum 

B. (Fig. 1.) 

This problem was solved by James Bernoulli, 
Newton, and others, by methods founded upon the 
nature of a quantity in its state of minimum. Since 
the minimum property must be possessed by the 
whole curve, they assumed that any portion of it 
will possess the same property; and making two 
consecutive elements of the curve considered as a 
polygon of an infinite number of sides vary, they 
deduced, in terms of the co-ordinates of the angle 
formed by the elementary sides, the corresponding 
alteration in the minimum property, or time of 
descent, which, equated to 0, produces the differ- 
ential equation to the curve. The difficulty in 
the solution of this problem, viewed analytically, 
consists in finding that particular function y which 

renders the integral I ^/ \ ' \dxJ Y d x. 



integral J^l \dx/ ^ 



<4 '" ••*> ??•«*»■'»... 
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between given limits^ a minimum. To effect this 
by the Differential Calculus^ it must be integrated, 

and the differential coefficient y/ - \d x/ ^ 

' y ) 

equated rto 0; but the integration cannot be effected 
in consequence of the unknown nature of the func« 
tion y, or the equation to the curve which it is the ob- 
ject of the inquiry to determine. But if we suppose 
the body My at its departure from the point A, to 
be impressed with such a law of force^ modified 
both in intensity and direction^ as would constrain 
it to move to the point B in the shortest time^ 
the path would be the curve required^ and the law 
of the motion which was impressed upon the body 
at its commencement^ expressed in terms of x, would 
determinevthe nature of the curve. 

This problem^ and its solutions^ may be consi- 
dered as the beginning of that long continued series 
of the labours of geometers^ the object of which 
was the maxima and minima of indeterminate in- 
tegrals. Soon after^ to the property of maximum 
or minimum^ another condition was added; — ^that 
the curve should be of a given length. Such as the 
problems^ to find among all curves of equal peri- 
meter^ that which between given limits^ shall con- 
tain the greatest or the least space ; or the curve 
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which by its revolution about its axis shall contain 
the greatest or least superficies^ or which shall con- 
tain the greatest or least solidity. Or^ to find the 
curve such^ that constructing another curve upon 
the same axis^ the ordinates of which are functions 
of the ordinates or arcs of the former^ the area of 
the second curve shall be a maximum. And the 
difficulties of these problems^ joined to the celebrity 
which attended the researches of the two brothers^ 
James and John Bernoulli^ Brook Taylor, and Euler, 
occasioned the general name of isoperimetrical to be 
given to all problems in which it is required to 
find curves that possess some property of maximum 
or minimum, with or without the condition of being 
of a given length *. 

When the curve is to possess the maximum or 
minimum property only, it is sufficient to make t\yo 
elements vary, from which is deduced the variation 
of the maximum or minimum. When to the maxi- 
mum or minimum property a given condition is 
added, it is necessary to make Jjiree consecutive 
elements or sides of the curve vary, in order to de- 
duce two expressions in terms of the co-ordinates 
of the angles formed by the infinitely small sides ; 



* Cal. des Fonc, p. 426. 
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one denoting the variation of the quantity which 
is to be a maximum or minimum^ and the other 
that of the given length ; these^ separately equated 
to 0^ produce two equations involving two arbitrary 
quantities^ by the elimination of which is obtained 
the differential equation to the curve in which both 
the given and the maximum or minimum property 
will be incorporated. This was first done by James 
Bernoulli. 

By the consideration of an infinitely small portion 
of a curve composed of two or three sides^ the 
problems are reduced to the ordinary analysis of the 
Differential Calculus, and the difiiculty consists in 
bringing the solutions to the differential form, by 
substituting for the abscissas and ordinates their 
values expressed by means of their infinitely small 
differences, which arise from the variation in posi- 
tion of the elements or sides of the curve ; taking 
care to preserve terms of the same order, according 
to the law of homogeneity of infinitely small quan-* 
tities. Upon these considerations were founded the 
solutions of the Bemoullis, Taylor, and the first so- 
lutions of Euler. 

This last named mathematician took up the sub- 
ject in the state in which it was left by his famous 
instructor, John Bernoulli ; and, after the publica- 
tion of various memoirs, he at length produced one 
of his most celebrated works, entitled, Methodus 



^^^^^■I^^^B 
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inveniendi lineas curvas maximiminimique proprietate 
gaudentes. This work, which appeared in 1744, 
contains a complete and general solution of iaoperi- 
metrical problems, as ^u* as the nature of the curve 
is concerned, and is otherwise r^narkable by' the 
number and beauty of the; e^cdimples which it con- 
tains. Without proceeding farther with the history, 
we shall refer the student to Lagrange's Lemons 
sur le Calcul des Fonctions^ le9on xxi.,and to Wood- 
house's Treatise on Isoperimetrical Problems, in 
which he may trace the line of connection through 
the solutions of the Bernoullis and TaylcH*, the va- 
rious memoirs and distinct treatise of Euler, and 
ending in the general principle, first distinctly per- 
ceived by Lagrange, requiring another view of dif- 
ferentiation *. 

7' In publishing his new method, Lagrange made 
an important application to dynamics. Thus we 
may consider the different points of a body in motion, 
either by comparing^ at the same instant, two con- 
secutive points, or by comparing, at two consecutive 
instants^ the positions of the same point. In the 
first case, the only relation which exists among the 
co-ordinates is expressed by the equation to the sur- 
face in which the points are situated ; in the other, 
the co-ordinates vary according to the conditions of 

* Memoires de TAcad. de Turin, Tom. II. p. 174. 



>*"^^^^^» 
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the established motion into which a new variable 
enters^ which is the measure of the time or force ; 
Imd these conditions determine the nature of the 
functions which express the varyine co-ordinates of 
the point ia motion And he afterwards gave, in 
his Meeanique Analytique, many beautiful instances. 
From this consideration are solved problems in 
Dynamics^ requiring the determination of a mini- 
mam by means of the principle of least action. 
Euler had availed himself of this principle^ at the 
end of his treatise before mentioned^ to determine 
the path of an isolated point ; but Lagrange^ by 
applying the principle of the conservation of living 
forces^ extended the application to the motion of a 
system of bodies connected in any manner whatever; 
thus making it^ in fact^ the foundation of the 
science of Dynamics^ instead of the principle of 
D'Alembert and the principle of virtual velocities. 
(Vid. Meeanique Analytique, Tom. I., pp. 246, 
299, and Foisson's Traite de Meeanique, Tom. II., 
p. 2, and Tom. I., p. 654.) 

A planet revolving about the sun describes an 
ellipse in space, of which the sun occupies one of 
the foci ; and the co-ordinates of the planet, at any 
instant, may be rigorously calculated; but when 
the perturbating action of another planet is taken 
into account, these co-ordinates begin to vary ac- 
cording to another law, and become functions of the 

c 
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disturbing force and of tbe time. This mode of 
variation is precisely that to which the Calculus 
refers. Lastly^ the greater part of the problems of 
Statics may be reduced to those requiring the de- 
termination of a maximum or minimum^ to which 
we may apply the same principles. Thus the' 
Calculus of Variations^ the origin of which arose 
out of a question of pure curiosity^ comprehends 
the whole of the applications of Mechanics and the 
most difficult problems of abstract Geometry. 
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SECTION III. 

8. Having^ in the preceding pages> given a brief 
history of Isoperimetrical problems and the Cal- 
culus of Variations^ we shall^ in this Section^ pro- 
ceed to point out more distinctly the nature of that 
change in a quantity which is termed its variation. 

If we suppose^ to be a function of x denoted hyf, 
we shall have 

and if we imagine the variable x to receive an in- 
crement h, the function if will receive a correspond- 
ing increment^ which will entirely depend upon the 
nature of the function f, and the magnitude of the 
increment h; so that the equation 

will become 

Subtracting the former from the latter and dividing 
by h, we shall have^ for the ratio of the increments 
of y and x, 

f(x + h)-fx' 



c 2 
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Nowy if A be taken indefinitely small^ (not to 
ranish;) the first term of the development of the 
quantity 

is called the differential of y orfx ; and the same 
term divided by k, or the first term of the expan- 
sion of the ratio 



or 



A ^ "* h 

is called the differential coefficient : the former is, 

d 1/ 
for brevity, written d^, and the latter •— ^ *. 

a X 

9* Resuming the equation 

let U8 suppose in general, A a t the function y*4?, by 
some cause, to be changed into/ (x, t), so that the 
state of the equation 

is, after the change, represented by 



* For a lineal and very satisfactory explanation of the fun- * 
damental principles of the Differential and Int^ral Calculus, 
and of the application of these principles, the mathematical 
reader is referred to a Dissertation by W. S. B. Woolhouse, 
in the Appendix to the Gentleman's Diary, 1835, 1836. 
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in which i is a new variable quantity introduced at 
the time. 

Subtracting these two values, we have, for the 
increment of y, the expression 

Now if we suppose the function f {x, i) to be 
developed according to the ascending powers of i, 
and remember that / («, i) becomes / x when 
« ^ 0, we shall have, for the increment of ^, the se- 
ries 

in which 4/ x, >)/' x, &c., are functions of x, in- 
dependent of i, the nature of which will entirely 
depend upon that of the function /(x, i). 

When t is infinitely small, the first term in the 
increment of y is called its variation, 

Lagrange adopted the symbol $ to characterize 
this change in a quantity ; so that dy representing 
the differential of y, ^y will denote its variation ; 
thus we shall have 

iyz=.i\x I 

hence the variation of y is an infinitely small ar- 
bitrary function of x, and consequently of y, on 
account of their primitive connection. 

In general, we give thenameof variations of the first 



order, to thi 
which the ii 
dimensioii ; 
which t rise: 
If, in th< 
independent 
have, by M: 

J = 



the functio 
coefficients 
Hence we ) 
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10. A quantity^, or fx, may be supposed to 
change its value in various ways. It may alter in 
consequence of the variable x receiving an incre- 
ment^ the form of the function being the same ; or 
by a change in the nature of the function by the 
introduction of a new variable^ the former remain- 
ing constant ; or generally^ both the function and 
the variables which enter into it^ may alter simul- 
taneously^ since the latter may become functions of 
a new independent variable when the former is 
changed. 

As an illustration^ let us suppose the equation 

to represent the equation to the curve C E, (fig. %) 
A being the origin of the co-ordinates and M M' 
an element of the curve, AP, AP^ two consecutive 
values of x, and F M, P M' the corresponding va- 
lues of y : the symbol d will represent the pas- 
sage from the point M to M in the same curve. 
But supposing the curve C E, by the operation of 
some cause, to be changed into the curve Cj E^, the 
equation y '=.fx will become changed into y =: 
/ («ap^ 0> which represents the equation to the cor- 
responding new curve ; the quantity i depending 
upon the cause or time or other circumstances 
which occasion the change of curve. Hence to a 
common abscissa A P, two ordinates PM, PM^ 
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correspond^ whose difference^ when i is infinitely 
small^ is represented hj iy; the letter ^ indicating 
the transition of a point from one curve to another, 
and, when prefixed to a variable quantity, repre- 
senting, like the letter d of the Differential Cal- 
culus, both an operation and a quantity. But when 
this variation is not restricted to the ordinate, or 
when the cause which alters the curve, changes 
likewise the abscissa, the point M may correspond 
to the point fA, in which case the abscissa will be 
subject to variation, and wiU become a function of 
the new variable t, as is generally the case in the 
disturbing actions of the planets, in which i is the 
disturbing force. 

Let AP =:x, PM = y ; draw the ordinate f* S, 
and M n N parallel to A P, and indicating for 
a moment, by ^ and ^', the two preceding modes of 
variation, we shall have 

dx = PF, rf^ = M'N, 
^x = 0, ^^ = MAfj, 

^ X = PSy i'y zz fA.n, 

1 1. In general, we may consider any fanction, and 
the variables which it contains, as also the differential 
coefficients, which are other functions of the same 
'v ariables, subject to simultaneous variation ; so that 
the values of the quantities x,y,z; x, y\ z, &c.. 






<^ 



CALCULUS OF VARL/ITIONS. 25 

afier receiving increments of Tariation *, will (f^^ 

« + 5 J?, 5^ + ^y, 2 + ^ z; ar'4- <J*',y + ^y* «'+ ^t^ 
&c ; in the same manner as the values of the some 
quantities^ after receiving differentials^ are x -{- ds» 
y +■ dy^ z -^ dz; 4?'-rc/«', y -f dy', z' -{• d »'> &c. 
Hence the differential coefficients, which are in*- 



* dsy^x^ &c, in physical inquiries, are magnitttdes which, 
though infinitely small, have no less a real existence than finite 
quantities. When two straight lines meet another straight 
line, to take one of the simplest instances, the rat^Ojoflhe points. ... 
of intersection are the same as that of the cosecants of the 
angles with which they meet the straight line, which ratio may 
become indefinitely great. If one line make an angle of 30° ' 
with it, and the other be perpendicular, these points are to 
one another as 2 to 1 ; and though they are of no finite , 
magnitude, they have manifestly the same existence as the 
straight lines in question. The ancient geometers only 
admitted finite magnitudes into their investigations ; and the 
principal advantages attained by the modems, have arisen 
from conceiving elements or quantities infinitely small as 
subject to the same operations as finite magnitudes. In i' 

comparing finite quantities, we reject quantities infinitely less, 
even of the first order ; so in deducing finite values from 
the consideration of the ratios of infinitely small quantities 
of any order, which is the object of the Differential and 
Integral Calculus, we, with equal rigor, reject infinitely small 
quantities of a higher order, producing with the independent '^ 
variable, ratios that vanish. In fact, from the generation of 
infinitely small quantities, it is manifest that no multiple of 
one of any order can be equal to one of the next inferioi^ > , 
order. This constitutes the principle of homogeneity of in- 
finitely small quantities. 



V. 
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dependent of the magnitude of the increments^ and 
of the mode in which they are supposed to arise, 
will be common to both operations ; and the rules 
for differentiating will apply to the Calculus of Va- 
riations, remembering to mark with the symbol ^, 
the characteristic principle of the Calculus. 

If L be a function of jr, ^, . . . • p, 9, . . . . re- 
presented by 

L — F{x,y p,q ), 

the complete differential of L will be 

d Liz — dx + dy + ••• 

dx dy 

dL J , d L T 
4-__ rfp +-— dg + ... 

dp dq 

and its variation \vill be represented by 

iL=iJ^ix -^ ill^y + ... 
dx dy 

, d L ^ . d L ^ , 
dp dq 



12. When the symbols rf* and J are prefixed to 
?- the same quantity, it is indifferent as to the order 
in which they are placed, or in other words, which 
operation is first performed. 

Since the variation of ^ is an infinitely small 



CALCULUS OP VARIATIONS. 27 

function of y, (9,) let us represent it by i ^y, so 
that 

^y = i(py, 
and if ^, ziy + dy, we shall similarly have, 

''.^y^ — ^y = i(Pyi'-i(py 

zzd'i(py; 

but ly^^^yzz^ dy, and d'i^yzzd^y; 
bence, 

$dy zz d^y. 

This may be otherwise shewn by means of geo- 
metrical considerations. 

IjetAPzzx, (fig. 3,) P Mzzy, then PF =z rfjc, 
M'JV = cfjr, MM, = ^5^, FM' zi j^ + rfj^, 
PM, = ^ + ^^; drawing l^ff r parallel to the 
element M M' and M^ parallel to A X, we have, 

M\r =z M> — M'iV' zizd^TM.-'d' PM 

= d(y + $y)~^dy 
zzd^y. 

But^ 

M'M\ = ^P'M'= 5 (5^ + dy), 
.'.M\r = ^(y + dy)'-$y 
— ^dy; 
hence, 

d^yzz idy. 
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When the function and the variable change si- 
multaneously^ the variation of y will consist of two 
parts ; one^ owing to the change of function^ and 
the other part arising from the variation of x; 
representing this part by «• (i ^ x), and denoting, 
as before> for the sake of distinction^ the total va- 
riation of ^ by ¥yi we shall have. 

Similarly, li y -^ dy zr. y^, we shall have, 

^'^t = «>yi + 'Jr{i(px); 
. • . ^dy •=.i(py^—'ify+ nt (i(^ x^) — ff (t ^ x) 
•=id'i(py-\'d'ne{i^x) 
= d{{i(py + 7r («>«)} 

^dry. 

Otherwise : 

Let M M} (fig. 4,) be an element of the curve 
A Z, whose equation is y zzfx, and /xjx' the cor- 
responding element after a variation : draw the lines 
PMM,, IX S, FM'M\ and i^' S', perpendicular, 
and M », M^ s, M' w', parallel to the axis A X. 

The total variation of y, n jx, consists of the two 
distinct parts MM^ and fxs ; and since, 

P M or y=fx, 
PM,=y + iy, 

let this be represented by the function e x. 



1 
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Alio, ASzzx-^-ix 

which we shall denote by X ; 

also AP' ZZ.X -^ d X 

zn x' (suppose) 

,'. A S" will be denoted by X', 

Now, S fA — eX, S' yif zz. eX', 

. • . /Lt «, or ^'^ ^ e X — fx, 

hence^ ^ y' — ^ yy or, 

Vdyz=.^X^2X^(Jx'^fx)y 

= rf(6X-/^), 

= rfi'^, as before. 
Hence it follows that 

d^lyz=.ddlyzzd^dyzz^ddyzz id^y, 

and generally, 

d^^ytz 3d*y. 

It will now be easy to extend this principle to 
any function U containing 

X, d X, ^Xy &c., yy dy, d^y, &c. 

The variation of U in this case is found by sub- 
stituting for X, d X, d^Xy &c., y, dy, d^y, &c., the 
quantities ^ 

X + $x, dx + ^ dxf d^x -f 5 d^Xy &c. 
y + ^y>dy -^-Idy, d'y + ^ d'y, &c.. 
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and subtracting from the result the value of U, 
limiting the expression to the first powers of the 
variations. But it will be more convenient if we 
make 

dxzz X9 d^xzz. x\ &c., dyz=.y', d^y =y> &c., 
and consider U simply a function of 

X, X, x", &c., y, y', y , &c. 
The differential of U being 

d U =-— dx + -j—dx +__- dx + &c. 
dx dx dx 

the variation of U will be 

dx dx* dx 

dy ^^ dy' ^ ^ df ^ 

Taking the variation of the former and the dif- 
ferential of the latter^ we shall have^ respectively^ 

UUzziRux + iE^ldx' + &c. 
dx dx 

+ 1 -r-a ^^ + -7-^-/^^ +&C. \dx 
\dx dxdx / 

+ /^^5a:+^5;c'+&c.W 
\dxdx' dx'^ / 

+ &c. 
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dx Ux 

4- &c. 

and since 8 dx zz dS x, ^ dx •=. dlx', &c.> we shall 
have, 

^dU^ddU. 

Hence we conclude, as before, that 

^d'^Uzzdr^v. 

13. There is also a similar theorem with respect 
to the sign of integration. 

Iiet us representee/ by i7„ then we shall have, 

dU^zz Uyznd U U, zz 8 U, 

transposing the symbols S and d, we have, 

d^U^=:8U, 
integrating, 

SU.zzfSU, 

and replacing 17,, by its value / U, 
we have, 

SfU =fS Ui 

which shews that the variation of the integral of a 
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function is equal to the integral of the variation i 
the Ainction. 

Whence we conclude generally that 
if'V = /'3U. 
This theorem reduces the subject from the variation | 
of an indefinite integral, to the vAtiation of the ] 
function which is affected with the integral sign. 
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SECTION IV. 



i . 



14. The preceding theorems constitute the funda- 
mental principles of the Calculus of Variations. 
We shall now apply them to the determination of 
the variation of the integral / U, in which Z7 is a 
given function oi a:,y ,,* dx, dy .,, d*x, Sic; the 
variables x, ^... not being considered connected^ 
but their dependence upon the independent variable 
being understood. 

Since i/r: F (x, y ,,,dx, dy, ... d*j? ...), 

dUzzMdx+Nd^x + Pd^x + Qd*x+ &c. 
-\- md y + n d^y + p d^y + q d^y + &c. 



= Mdx-{-Nddx + Pd d'^x + Cidd^x-\- &c. 
-\- mdy •\-nddy ■\- pd d^y + q dd^y -f- &c. 



and^ by the similarity of the effects d and ^, 



3i 
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/ 



5 L = If ? X + .V 5 <i i + P ^ «r*x + Q ^cP jr + &c. 



+/(« 05 + Ji ^^^5 \f I cPy + &c.). 



Int^rating by parts, 

fN^dx-fNdBxz=LN^x--fdN^x; 
jPSd^x=:fPd^8xz^PdSx^fdPd$x 

= PdSx^dP$x^fiPP$x; 

fQSd^x = /Qd^Bxz=:Qd'Sx-^fdQd^$x 
-Qd^x-dQd^x-i-d'QSx-^fd'Qix, 

by writing dQ far Pin the expression for / P I rf* x. 

In like manner^ 

/ m Sjr= fmyf 

f n^dy 'Zin^y ^ f duly, 

f'pld^y=i'pdly--'dply +fd^piy, 

fq^d^yznqd^ly-^dqd^y^^qly^fd'q^y. 
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r 

P Collecting the coefficients of ^x, d^x, ^y, &c.; we 

faave^ 

3fU=: (iST - rfP + (PQ-.£pJ? + &c.) ^ X 
4- (P — rfQ4-£ri?-&c.)^^jr 
+ (Q — rfj? + &c.)«?*^^ 
-f (/2 — &c.) rf' ^ jr 
-f &c. 

-i- (n^dp + d^q-- dp r) ^y 
+ (p — rfgf-ftP*' — &c.) rf ^^ 
+ (5 — c?r + &c.) d*^^ 
4- (r-.&c.)d'^x 
+ &c. 



+y (wi — rf n + c?*^ — &c.) ^jy. 



This equation^ may, for brevity, be expressed as 
follows : 

^fUiza^x +iSrf^« +y<^^« + &c. 



15. The indeterminate function / U may be sus- 
ceptible of an infinite number of values between the 
same limits, owing to the indeterminate nature of 

D 2 
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the functions x, y, &c. The question then 
to find what relations must subsist aman 
quantities, arising fTom the elimination of tl 
pendent variable, that the function f U va 
maximum or minimum between the given 
And these being determined, the correBponi 
lue of f U will be greater in the first case, 
in the second, than for any other relations w 
To satisfy this condition it is necessary t 
substitution of j; + ^'i ? + ^y. Sec. ... d x 
&c., and of jf — Sx,y — Jj, &e....dx- 
Scc, for X, y, &c. ...dx, &c., in/CJahauld, by both 
substitutions, be diminished, or by both be in- 
creased ; but this can only happen when the sum of 
the terms involving the first powers of S x, $y ... 
is equal to 0. For the increment ai f U will have 
the same sign as S x, Sy ... which are of the first 
dimension, 
increment < 
positive un 
Hence w 



for the equi 
uimum. 
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If we represent 

a S X + iS^y... + »^d S X +iS d^ y ,., 

by (p, and observe tha tjis i t results from integration^ 
it must be taken between limits : denoting^therefore 
by ^o> ^^ value of ^ at the first limits and by f'l its 
value at the second limits we shall have 

Now this equation consists of two parts which 
have no relation to each other : ^, _ (^o depending 
upon the values of a,0, ,,, x, y ,.. 2X the limits, 
and not upon their general values, and ^ x, $ y ... 
are variations depending upon the functions relative 
to the independent variable (14) ; and as no rela- 
tions can be assumed that will in all cases subsist, 
we conclude that the preceding equation can be sa- 
tisfied generally, only by making, 

jfTOiK To shew the use of these equations we shall, as 
a first example^ ^PP^y them to determine the rela- 
tion which must subsist between x and y, that the 
integral. 



/• 



between given limits, may be a minimum. 
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Here we hare 

= ^{dx^ + df); 

.-. M=0,m=O,N- , ^^ , -B- .-fjL 
Vdx^-t-df Vdx'-r(t 

P=.O.p = 0, Q = 0, &c. 

Since the limits are fixed and independent of c 
another, ^, =0, ^a= 0; and the equations x — 
4- ~ become 

^y — 



v/CJx' + Jj') 




Vld 


'• + d,') 


Integrating 








lii 


cand 


d 

Vidt' 


V 


^id.' + ds') 


+ d,') 


therefore 








^. 


= £ 


= c. 





and integrating again we have 

y=Cx + C. 

the relation sought ; C and C being two arbitr 
constants. 

Since i/(dx* + dy^') represents the element n 
■ line, the preceding example determines the short 
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distance between two giren points to be a straight 
line. 

If the element be referred to three rectangular 
co«ordinates x, y, z, we shall have to make the ex- 
pression 

fU ^1 f */ (dx^ + rfy* + rf 2*) a minimum. 

Here, 

as d s ds 

PzzO, &c., 
and the equations^ 

give 

d s d s d s 



therefore 



hence 



d X d y , d z „ 

d s ' d s d s 



d z ^ rf£ __ p 

d X d y 



and, integrating, 

zzzC X -{• a, z -iz C y -{■ a' ; 

which are equations to the projections of a straight 
line in space upon the planes xz, yz. 



) 
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u Z fib Z 

Or, since — , — reprtsent the trigonometrical 
dx d y 

tangents of the angles which the projections of the 

line upon the planes xz, yz make with the axes of 

X and y, the equations 

d z ^ d z . 
iz const., — =: const., 

d X d y 

shew that these projections are straight lines : hence 
the line required is straight. 

To determine the arbitrary constants introduced 

by integration, we must make the straight line pass 

throughjj^e given points. Let Xq, yo, Zq, be the co- 

/ ordinates of the first point, and ^p y^, Zj, those of the 

second ; then we have the equations 

Zq = C j?o + rt, z, = Cj?i 4- a. 
So = Cyo + a\ z, = Cy, + of ; 

to determine the four quantities, C, C, a, a'. 
X/*ci^A^ a further illustration, let us determine the 
shortest distance between two given plane curves 
fixed in position. 

By the preceding example the shortest distance 
is a straight line. 

Let Xq, y^ be the values of x, y at the first li- 
mit, and x^, y^ their values at the second ; and the 
equation, ^, — f)^ 3: 0, becomes 

a s^ a s^ a Sq a Sq 
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Now as the limits are not given^ their loci being 
the given curves, the variations 8 Xq, 8 yo> ^ ^v ^ Vi 
are not equal to 0, but manifestly have the relations 
established by the differential equations to the given 
curves. 

Let these equations be represented by 

^ {x, y) = 0, <!)' {x, y) = 0; 
from which we deduce 

dy zzmdXf dy zzn dx; 
hence we have 

dyoZZTTiQ^Xo, ^y^ = «i^ar„ 
and the preceding equation becomes 

\ds^ d J,/ \d Sq d Sq/ 

but Xii Xq9 and consequently S x^, S Xq, are entirely 
independent of each other ; hence this equation can 
be satisfied only by supposing 

(pi + „, pl\ J:..=0, (p+n.,p\ Sx, = 0, 
\dsi dsj V»*o »*o/ 

from which we have 

dx^ + n,rf2/i = 0, dx^ -^m^dy^ =zO, 

whence we deduce 



d tT, d X, 
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Now -i-S -^ express the trigonometrical tan- 
dxi dxQ 

gent of the angle which the straight line required 
makes with the axis of a; ; and iUq, n^ represent re- 
spectively the tangents of the angles which the 
given curves at the limits, make with the same axis ; 

therefore, since tHq and — ?? are the tangents of two 

dxo 

angles, the tangent of the difference of these angles 

"'o — "1 — 

d X 

is expressed by -j-^ which, since the deno- 



i+m, '^y 





dy 



d Xq 

minator vanishes, is infinite ; hence it follows, that 
the difference of the two angles is equal to a right 
angle. We therefore conclude that the straight line 
must cut the given curve at the first limit at right 
angles. And since the equation at the second limit 
is similar to that at the first, the same takes place 
at the second limit. 

The preceding examples may serve to shew 
the use and mode of application of the equations 
^1— (po=0, x^ ^> "i" ^^^9 &c., relative to the ge- 
neral integral / t7. 

\6. But when the integral is of the form f Fdx, 

in which F is a given function of x, y, -2. -r-2, &c., 

dx dx 
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X being the independent variable^ and consequently I ) 

d X constant ; its variation will take a different and - 1^ ^ 
generally a more conjrgjiifij^form for the solution of v 
problems. 

Let K he 2k function of x and other quantities 
depending upon x ; then we shall represent by 
K\ X^, K"\ &c., the differential coefficients of K 
taken with respect to x, and the other quantities de- J 
pending upon a: ; so that ^ /y ,, ' 

d x d X dx 

Also the two limits of any integral with respect 
to aj^being Xq and x^, the values of any quantity /f, 
corresponding to the same limits^ will be denoted by 
Ho, at the limit Xq, and H^ at the limit x^. 

Again, since y is a function of x, we shall have 
from the above notation, 

dy^^' ^y ^ y" ^ y" — y"' &c 

d X d X d X 

and the quantity V will be a given function of 
X, y, y\ y^j &c. Now Xq and x^ being two con- 
stant quantities, or quantities independent of or, we 
proceed to determine the variation of U in the 
equation 

Vdx, 



J x^ 



44 

Since 
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in which 

Mz= -— , iV = _-, P = -_, Q = _^, &c., 
ax ay ay dy 

and 

5F = M5a? + iV^^y + PJy' + Q5y" + &c. 

Now, by (13), we have ^ A . 3/ , 

•^'Xo c/xo «^Xo ^Xo 

= V,^x,-VJx,^ f^'dV^x+ f^'^Vdx 

<•-/ Xq ty X^ 

= F»Jxj-ro5xo + /'^»(rfx5r-(ir^x)...(i). 

In the expression under the sign f, substitute the 
values of d Fand J V given above, and we have 

dxW'-^xdVT=:N{^y^l/^x)dx-irP{^t/'-f^x)dx 

j^Q^^y^^y'-^x) dx + &c (2); 

but, 

^ /__ft dy ^^dx^dy-'dy^dx dSy^y'd^x . 



<2 X 



dx 



d 
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similarly^ 

..._ di^-fdSx ,,„_ dSy"-y"'dSx ^^ 
dx ' dx 

therefore, / £ ^( h'-^^x)? ^7 

dxSy'—dySxzzdSy — i^d $x — dy' c x 

zz dB y — d , y $ X 
zzdiSy-'i/Sx), 

Changing y^ into y , and y into y, we have 
dx$y''''d/Sx=id(Sy''-y"$x); 

in the same way we obtain 

dx 8y'"~-dy"'8x=:d{8y" - y" S x), 

For brevity, let $ y — y ^ x znu, 
then, 

ty — y ox zz u , 

S» ff Iff ft II 

oy — y xzz ta , 

Substituting these values in equ. (2) and affect- 
ing each term with the integral sign between the 
limits of X zz Xq and x =: Xi, we have 

r'\dxSV--dV8x)= f^' Na^dx-^ f^^P'Jdx 

Jx^ J Xq J Xq 

+ f^'aJ'dx + f"' RJfdx + &c. - 

k/ Xa <y X^ 
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Integrating by parts, 

J Xq J Xq 

y® jR Of" d X zz 22, w" . — . J2q ft>"g — J^'i «', + xi a « 
4" It"x «i — -R"o vq — / * 22"' u dxj 

Collecting these terms and substituting them in 
/;, If/f* equation (1), we obtain, for the variation sought. 



U or I r*' 



Vdx 



= F, ^ x,- To I X, + (P, - Q\ + 22", - &c.) 0,., 

-(Po-Q'o + 22''o-&c.)*^o 
+ (Q,-22\+&c.)«'. 

^y *' (isr- P'^. (^'^ Bf\ &c.) 0, d X, / 

in which we must remember that P being a func- 
tion of X, y, y', y", &c.. 



1 
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rfx dx dy dx dy dx dy dx {^^^ ..'' 
&c. 

a similar meaning attaches to Q'^ K, &c.^ QC , &c. 
The above expression for the variation of V consists 
of tivo distinct parts^ and may be written as fol- 
lows : 

r 

/ ' ■ 

^C7=r + /^H«Ja: (^), v^-.!' '^ 

making, for brevity, . e %« ^ ^ " A 

l^N^ p^ + Q" - R"' + &c., i , / 

r=z v,Sx,-^Vo$Xo ^^ i' " ■ ' 

+ (Q— i?'4-&C.) a;'i - (Q-ii', + &c.) a;'o 

4-(-Ki— &c.) «"i — {Rq — &c.) «"o 
-H &c. 

If the quantity w, under the sign /, be replaced 
by its value, $y — y ^ x, and the quantities, 

in the term r, by their values^ 

^yo—l/J^> hi—y'i^^i* ^yo — y'o$x,&c., 

the variation of U will be expressed implicitly by 
the variations of x and y, and the variations of the 
extreme limits of x, y, y, y" ..., continued to a dif- 
ferential coefficient immediately inferior to the high- 
est contained in F. 



^.25 A^- 



■'— ■ ■ ■■■^ 



^•••n 



k 



I 






./ 
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17. When the quantities^ x©, y^, y\ &c., ar,, y^, 
y\, &c., or any of them^ are contained in F, it is 
necessary to add to the term r of the equation (^A), 
other terms arising from the variations of these 
quantities. By reviewing the processes followed 
with regard to x, y, y, y", &c.^ in the preceding 
investigation, it is manifest that these terms will be, 
respectively. 



$Xi / ' — dx, &c. 
t^Xo dxi 



so that, in this case, the quantity r will no longer 
be delivered from the sign / ; but since we confine 
ourselves to the first powers of the variations (9), 
it will still be a linear function of $ Xq, S y^, &c.,. 

8 x^, S y^y &c. 

18. If the variations ^ x and h y have the same 
ratio as the differentials d x and d y for all values 
of x between the given limits, in which case, 
y— y' 5 a; or w =1 0, the variation of U will be re- 
duced to 

F, ^ ar, — To ^ Xo, 
which is, in fact, what ought to happen, since, in 



I 

i 



N 
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this case^ 



Let X and ^ be tHe co-ordinates of any point in a 
curve, and suppose that the variations have the 
same ratio as the differentials in the whole extent of 
the curve, this will not be changed, and the integral 
will only be augmented by V^$ Xi at the limit x„ 
and diminished by Fq $ XoSA the limit Xq, 



*v 



/• 



19. Suppose now we have to determine the / 
function y in terms of x and of quantities depend- ' , ^ 
ing upon the limits of U, so that this integral may I ' 
be a maximum or minimum between those limits. 
Let a be an infinitely small quantity, and suppose 
that in the expression for the total variation of U, 
(which arises from the substitution of x + ^ a: and 
tf + ^if for X and if and subtracting its primitive 
value) we replace J x and 5'^ by a 3 a? and a 5^, the 
total increment of U will be expressed in a series of / 
ascending powers of a, the first term of which will ^ / 
be a ^ C/'as is evident from art. (15.) And since /'♦^^ 
this term changes its sign with a, it may be shewn, 
precisely as in the maxima and minima of the Dif- 
ferential Calculus, that I 



V 
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which is the equation common to the maximum and 

. \. minimum. 
I ir The distinction between the maximum and mi- 

y^ nimum will be indicated, as in the Differential Cal- 
vi%r' culusj by the sign which the second term in the 



jt ^ above series takes ; being in the former case, nega- 

^ tive, and in the latter, positive. In other words, 

the maximum or minimum takes place, according as 
the value of / ^* V dx, in the whole extent between 
the same limits as U, is negative or positive ; S^ V, 
representing that part of the variation of V which 
contains the terms of the second dimension with 
respect to ^y, ^y', Sy", &c. Let us suppose that 
in U, or fV d x, the function V contains only x, y, 
and y\ the complete development of the variation of 
17, as far as terms of the second order, will be ob- 
tained by putting for V, the expression 

in the integral f V d x. 

The terms of the first order, --— ^ y + — B %/, 

dy ^ dy' ^ 

multiplied by d x, and integrated, will give the re- 

y^. ^7 suit which is contained in the equation {A). In 



r 
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the case of maximam or minimum^ this expression 
cz ; so that the variation of U is reduced to 

and this term^ containing factors of the second di- 
mension with respect to ^y, Ir/, will be independ- 
ent of the sign of $ y, ^ y;^ hence, it is mani- 
fest^ that according as this quantity is negative or 
positive for all values of x between Xq and x „ the 
integral U will be a maximum, or minimum . 
In the first example^ art. (2.5.)^ ^, ^^ 



the above expression is reduced to its last term, and 
we have 






a quantity essentially positive ; hence the inte- 
gral, 

U- fdx^l +y* 
belongs to a minimum. 

20. The equation ^ 17 =: 0, corresponds to a max- 
imum and minimum ; and since this condition ex- 
ists in both cases, whatever be the values o£ $ x and 
S y, which are entirely arbitrary, and u being, in 

E 2 



i 



( 



} 
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' .. consequence, an arbitrary function of x, it is uecet- 
' ' sary that the int^ral contained in the equation (A), 
and the part freed irom the si^ f, should sepa- 
rately be = 0. For the game reason, this int^rat, 
cannot, generally, vanish, nnless H = 0. We have 
then the two conditions, 

r = o, H=0, 

the first of which is called the equation of limits, 
and the second, or 

N-F+ «■' - fi"' + &c. = 0, 

contains the relation which must subsist between 
X and t/, in order that the proposed integral may be 
a maximum or minimum : it will make known, 
by int^radon, the function t/, in terms of x, and a 
certain number of arbitrary constants ; these con- 
stants, and the two limits x , and x „ will be deter- 
mined from equations deduced irom the equation 
r = 0> and the particular conditions to which the 
limits of U are subjected. 

21. If F he a differential function of the order n, 
f that is, if it contain ^<">, the equation H — 0, will 

: , be of the order 2 n, (16,), and its complete integral, 

\ which we shall represent by X ^ 0, will < 

2n arbitrary constants, c, c',c"...c""~". J 



:.] 
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the limits of U are not subject to any given con- 
ditions^ the variations^ 

'.-' ^ -i' 

/ 
of which the term F is a linear function^ are en- 
tirely independent of one another ; their coefficients 
must therefore be separately = 0^ which will fur- 
nish a number of equations equal to 2n -{- 2, and 
which^ joined to the 2 n equations^ 

will give 4n -\- 2 equations to determine the 2 n 
constants^ c, c, c" ...c^^ "~**^ and the 2 n + 2 quan- 
tities Xo» yoy y'y ... J^o^—'^ ^ v ^ xy y\y ••. J^i ^"""*^- 

But if the limits of IJ be connected by the equa- 
tions, 

^ = 0, 5 = 0; 

we shall have> 

and by means of these equations^ we may eliminate 
as many of the quantities^ ^Xq^ ly^, &c.^ contained 
in r =: ; the coefficients of the remaining varia- 
tions equated to 0^ joined to the equations, AzzO, 



/ 
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B ^0, and to the equations Xq =: 0^ X, ^ 0, &c.^ 
will still famish 4 n + 2 equations, as in the pre- 
ceding case, to detennine as many unknown coa- 
stant quantities. 



,, ' ^ 22. The method upon which the investigation in 
/. 4^Z (16.) is founded, may readily be extended to the 
case in which the integral V contains several func- 
tions. Let y and z be two unknown functions of 
the independent variable x, also suppose F to be a 
given function of x, y, y\ y , &c., z, «', a"^ &c., 
and the integral to be of the same form as before, 
viz.. 



C7= f' Vdx, 



If we make 



dx dy dy dy 



dV 
dz. 



= n, 



dz' 



dV Si. 



we shall have 



^VzzMtx-\-N^y ^ P^y + QSy" + &c, 
+ niz 4-p5«' + gJ»" -f &c 



Now if we suppose 
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K=n — p' + ^"— &c. 

r z= r. Ja:»+ (P, - Q', + &c.) ^i,, -/ ^x.) 

+ (Q'-&c.)(^y,-y',^a;.) 
+ &c. 

— (Po - g'o + &C-) (^ «o — «'o^ a:) 
-(Qo-Ac.) (^yo-/o^a:o) 
-(go-&c.) ( J 2'o - «"o J Xo) 

— &c., 

we shall find 

for the increment of TJ^ corresponding to the incre- 
ments^ I x, Sy, 8 z, of x, ^, z." 

If F should contain besides x, y>y , &c., 2, a', &c., 
the quantities Xq, x^, i^q, i^^, Zq, &c., we must add 
to the preceding formula^ the part 

$Xof'''^J^x^Sx,r'^dx + 8y,r'iKdx-\-&c. 
*^ xq dxQ ^ jfg a«i ^ xody^ 

which arises from the variations of a; q, a;,, ^0, &c.^ as 
in (17). /^ 4S 
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The equation SU—0 which takes place \fhen I 
is B maximnm or minimum, mn^ be separated inl 
the two equations, 

H{ii/ — if'Sx) + K(Sz — s'Sx) = 0, 

r = 0; 

the first of which exists in the whole extent of th 

integral ; and the latter, as the equation of limits. 

The former equation may be put under this Form 

HSs+ Kiz — (HyH- K.z')Sx=.0; 

which, as we shall see presently, furnishes only th< 
two equations H ^ 0, K := 0, corresponding to tb( 
variations of y and z ; the third, depending upon 
the variation of x, being contained in the other two. 
Whence it follows, that we may dispense mth at- 
tributing any variation to a, whose diiferential is 
supposed constant in the function V, since the equa- 
tions necessary for the solution of the general pro- 
blem, result solely &om the variations of the other 
variables. 

Let L be a ^ven function of x, y, z, and gap- 
pose the unknown quantities of y and 2 to be con- 
nected by the equation L = 0/ 
we shall have 
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But by differentiating the equation L = with 
respect to x, we also Have 

dL dL J dL J _ r. 
ax ay a z 

by means of which the preceding equation becomes 

iIlQy^W^x)-\- —{dz-^ z'$x) =0, 
dy d z 

t 

which enables us to eliminate one of the quantities 
$ y — iflxy^z — z^x from the equation, 

then, equating the coefficient of the other to 0, we 
determine one of the- unknown quantities, y or «, in 
terms of x, and a certain number of arbitrary con- 
stents, corresponding to the order of the equation ; 
and the equation Z i= 0, will determine the other. 

Instead of eliminating one of the quantities, 
$ y -^ y' S X, 8 z — z d X, we may add the equations 
S y — y' SxzzO and dz — z S x z=.0 after multi- 
plying one of them by an indeterminate factor X *, 
and then equate to zero, the coefficients of the two 
quantities S y — y ^ x and 8 z — z' Sx ; in this 
manner we shall have i 



* Vid. Method of MultipKerSy Mecanique Analytique, 
Tom. 1. p. 74. 



V 



( 
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H+x^=0, K + A ^ =0; 
ay dz 

and these two equations^ joined to X = 0, will make 
known the values of the quantities y, z, and A. The 
arbitrary constants introduced by integratioir are de- 
termined by means of equations deduced from the 
condition TznO, combined with SLqZzO and 
^ Z , = 0^ and from other conditions to which the 
limits of the integral may be subjected. 

If the two unknown quantities y and z are inde- 
pendent^ $ y and S z are totally independent also ; 
hence we must have 

H = 0, K = 0. 

There will now be no difficulty in extending the 
solution to the case in which ^ is a given function 
of three> or a greater number of unknown quanti- 
tiesj independent'^ or connected with each other by 
one or several given equations. 

It may be remarked that when we make all the 
variables in the function V subject to variation, we 
only deduce as many equations H zi 0, K z: 0, &c.> 
as there are variables less one, which is precisely 
what ought to result ; since it is not the individual 
value of each of the variables that we require, as in 
the ordinary questions of maxima and minima, but 
the indefinite relations existing among these va- 
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riablesj by which they become functions of one 
another; and they may^ consequently, be repre- 
sented either by plane curves^ or by curves of double 
curvature. 

23. The equation 
H = 0^otN^F -j- (T — R" + &c. = 0, '*-. { *^S> 
that is, ^-—^7 

ax aar* d x^ 

may frequently be rendered more easy of applica- 
tion by previous integration. 

1st. Suppose the function V contains only y and 
y, the equation /iT = is reduced to 

.•.r = Ny' + Pf. ) -^^ yi -■: ; ' 4^4 
^F y -{- Py ; ^^^"^ * . ■ ^ 

/ 
integrating, / ^ ,. 

C being an arbitrary constant quantity. 
If V contains x, y and y, we shall have, 

VzzfMdx-j-Py -^C. -//J?) 

2d. Suppose V involve only y and y', the equa- 
tion H^O, then becomes. 



7i^ 
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int^nting, 

r.V'=Py"+Qf', 

and, int^iating again we have ^ 

F= Qf + Cy' + C; - — [yj 

C and C being arbitrary constants. 
If X also enters into F we shall have . 

F=fMdx + Qf + Cy' + C —^^ 

3d. Let V contain y, y and y" ; then, 

N^F + Qf=zO, 
or, 

Ny'zzLPy'^Q'y'; 

.-. rzz P'y - cey' + py + oy 

= P'y + py'-yQ'' + Qy;; i 

int^rating, 

r= Pif-^Qi/ + ay" + C {zj 

4th. Suppose y and y" only to enter ; 
then^ 

P= —iR' 

integrating, 
W P = - iftl + C, 
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whence^ 

= - R'f + Cy" + Ry". 
Integtating, observing that 



f R' = '^(y ■") - n^f, 



< 

/ 

we have 

5th. Let ^ and y only enter into V y then, 

or, 

}^y'-R"y\ 

V^ Ntf + 72 y- = /2"'y' + Ry' 



,vr 



,■ . yf -iSED - R' y- + R 



dx " ■ 3 



^d(Ry) _ d(Rf) ^ j^^.,. ^ j^^ 
dx dx 

Integrating, 

F = Ry-Ry" + Ry"'+C. ( y) 

And similarly in other eases. 



/ 



/ 
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24. The quantity Fbeingagiven function of x> y,yy 
^7 • y", &€., if V dx is an exact differential without 
establishing any determinate relation between x and 
y, the definite integral U will be a function of the 
quantities x^^^y^ yf^ &c.y x^, y^, y\,Sic., relative to 
the two limits which contain no sign of integration. 
The variation i U given by the equation {A) will 
thus be reduced to the part r ; whence the factor 
H comprised within the integral sign must become 
identically equal to 0. Thus the same equation 
H zzlO^ which determines the value of y relative to 
the maximum or minimum of 17 when Ydxis not 
an exact differential^ ought to be identical when 
Vdx is an exact differential. This remark was 
originally made by Euler, who first expressed by an 
equation the condition necessary to the integrabijity 
of a differential formula. 
If we multiply the equation 

dx dx^ d x^ 

hj dx and integrate each term^ we shall have 

fNdx- P + ^ - ^^ + &c. = C. . .. (1). 
^ dx d X ^ ' 

.•.rNdx=C + P-iSi + t4-~&c. 
«/ d X dx 
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hence Ndx is integrable^ since the second side con- 
tains only integrated functions. 

Multiplying the equation (I) by dx and inte- 
grating^ we have 

^ ax 

whence it follows that I (f N dx-^ P) dx is also 
integrable. In the same manner we shall find that 

f\f(fNdx-^P)dx'\-Q Idx, 

f[f {f{fNdx-'P)dx-\-Q}dx-^Rldx, 

Sic. 
are complete integrals. 
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^ SECTION V. 



25. The preceding Section contains all the inves- 
tigations which are necessary to the complete solu- 
tion of problems involving the single consideration 
of a maximum or minimum. We shall now pro- 
ceed to illustrate them by application to examples. 



EXAMPLE I. 



It is required to find the shortest distance be- 
tween two given points. 

Here we have 



. * . F^ y/ 1 +y , into which y^ only enters. 

The equation r:= has no existence^ and the 
equation H =: becomes ^ ^ • jX 

P'izO .\P=C; 
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butP = ^=:_jl= 
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■> 



' -^ = C.ory^= ^ : 



integrating^ we have 



y- 



vimc* 



-hcr. 



the general equation to a straight line. 

If the arbitrary constants C and (f are to be de- 
termined from the conditions Xq =:0^ Xi =: 0^ (21)^ Ix 
so that the straight line may pass through the given 
points (x^y yo)> (^p yOi we have 



< 



C = 



yi-yo 






and the preceding equation will become 



y-y.-y.^^. 



^\y a — *o 3^1 

■' — — " ■ Mill! I ,^ 

«! Xq 



F 
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EXAMPLE n. 

Required the relation of x aiid y, so that the ex- 
pression / {ax ^ y*) ydx may be a maximum or 
minimum. 

Here Uzz /(a«— y*) ^ c?x,and F=z(flx— y*)y; 
hence the equation H =: becomes 

NmO, 
or, ax^ 3^* = 0, 
which expresses the relation sought. 



EXAMPLE IIL 

Let it be required to determine the shortest line 
that can be drawn from one given curve to another 
given curve. 

^» The line required being straight, we have only to 
determine its position. 

For this purpose we have the equation, r =: 0, or 

substituting for uy, a; o their values 

we have also the equations -4 = 0, B zz0(2\),b, 
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which^ in this case^ are the equations to the two t 
given curves; these determine the relations of the / 

variations^ ^^o^ ^^o ^^^ ^^p ^.Vi* - ' 

In fact, let C E, GH, (fig. 5.), be the two given 
curves to which the extremities of a line, M R, which 
undergoes variation, are restricted ; suppose M' R 
be consecutive in position to M i2, and draw M P, 
M NyRQ^R' S perpendicular, and MN,RS pa- 
rallel, to ^ X : then M M', R R being elements of 
the curves CE, G H, let APzixq, MPzzy^y 
AQ=:Xi, RQzzy^; we shall have 

dx^=.RS—^x,y dy,=zRS=:Sy,. 

Suppose dy zzmdx, dy zzndxto represent the 
equations deducible from dAzzO, dB mO, then 
for the variations at the limits we have 

8yo=:mo^Xo, J^, zzn^Sxi. 

Also, (Example 1), 

C _ . 
yo = —====c,y, = c; 

Fi-Piy i=— i=, and P.- ^' = P, ; 

F 2 



^ I 
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hence, the equation of limits becomes 



{ 



f»l c 



+-i^*. - J-^?^+-i No=<^ 



V'l+c* ^l+o»3 iVl-|-c» ^l+c»J 



and since no relation is supposed to subsist bet^i^een 
the given curves, none subsists between 

^ jTo and ^ JT, ; 

we must therefore assume each coefficient = ; 

/•I +11, c 1=0, 1 +iiioc:rO, 



or. 



whence it appears that the straight line must cut 
both the given curves at right angles. 

To find the co-ordinates of the points in which 
the straight line meets the given curves, we have • 
the equations; 

l+«ioC=:0, l+i»,c = 0. 

For instance, if the two given curves be para- 
bolas, whose axes are at right angles to each other, 
and whose vertices are at the distances a and 6 from 
the origin of the rectangular axes, which we may 
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suppose to coincide with the axes of the parabolas ; 
the equations^ 

will be replaced by 

from which we deduce 

ax 2y dx p' 

and the preceding four equations become 

yo* -p(xo-a)=z 0, a;,*-p' (y, - 6) = 0, 

2^0 *i — *o P «i — *0 

from which the values of Xq, ^o* a?p ^i may be de- 
termij^ed. 
3l But this particular example may otherwise be 
solved as foUows. 

Since the line is straight^ its equation is 

Xi^ Xq 

and the expression for its length between the given 

curves is \/(a?i — Xo)* + (y, — yX which is to be 
a minimum. 



{ 



70 CALCULUS OF VARIATIONS. 

Differentiating^ we have 

Now the equations to the parabolas^ 

«* = p' (y — 6), y^zzp(x^ a), 

give> for the points required^ 
hence we have 

but dx^, dx^are entirely independent of each other> 
therefore this equation can only be satisfied by equat- 
ing each coefficient to 0. Hence we have 

(*!-*•) +(y»-y.)^'=o,(*i-*o) + (yi-yo)^=0; 



or. 



which are the equations found before. 



1 
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EXAMPLE IV. 

To determine the brachystoclirone, or curve of 
quickest descent from one given point to another. 

The curve being referred to three rectangular 
axes^ of which those of y and z are horizontal^ and 
that of X vertical^ or in the direction of gravity : 
let Xyy, z he the co-ordinates of any points s the 
arc described^ and t tho corresponding time ; then 
the velocity acquired at this point will be the ve- 
locity due to the height x ; representing by g, the 
force of gravity, we have 

'^2gx 2gx 

the integral of which must be a minimum. 



^ x^ 2gX 

and 



2gx 

Hence the equations II = 0, K = 0, art. (23),A^SS' 
become 

F = 0, p' = 0; 
int^rating, 

P = C. f-a. 
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Now 

P=il - y 



hence we have^ for the differential equations of the 
first order of the curve sought^ 



zz C ^ ZZ.O I 

these equations give 

.multiplying hy (?a;, putting dz £ot z'dx, dy for 
^' <^ a; and integrating^ we have 

C being a third arbitrary constant. 

This is the equation to a plane, which is perpen- 
dicular to that of y z, since the vertical ordinate x 
is not contained in it. Hence we learn that the 
curve required is a plane curve^ and comprised in a 
vertical plane. As the plane of a; y is vertical and 
its position arbitrary^ we shall suppose this plane 
to pass through the given points^ and the origin of 
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the co-ordinates to coincide with the higher of these 
points. We shall then have x ^ zz 0, y q=i 0, z zz 0, 
2r' = ; and the differential equation to the curve 

is 



y 



= C; 



replacing y by its value -J?* and putting y fo r ^ , 

d X 2 (y" g 



it becomes 












, xdx 

n It ^ 


• 
t 




r 




"Jf — 

Vyx — 3L 


# 


and^ integrating. 


we have 










..— . "V 


-i y^2 
7 


a; 

• 


•/ 


y = - v/y 


x-a;» + |«» 




the arbitrary .const^ vamshinfi^ 


since we 


have 


at 



once, y= 0, j; z: 0, at the commencement of the 
motion. This is the equation to a cycloid whose 
base is horizontal, and which passes through the 
higher of the given points, its vertex being down- 
wards, and whose height or diameter of whose ge- 
nerating circle is the arbitrary constant y. 

To determine this constant, we may observe that 
the cycloid must pass through the lower of the given 
points; therefore the co-ordinates x^,y^ must sa- 



,. ''■% 
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tisfy the preceding equation : hence^ the equation 
X, = 0^ (210> becomes 

- y 5 _L 21 cos"* rjzlf.! . 

y, = — -/ ya?!— a;, +2 ^® — ^; — ; 

from which y may be found with the assistance of 
trigonometrical tables. 

If we make the axis of x horizontal^ and that of 
y vertical^ we shall have 



^ QffV 



^gy 



and aa V oontaina only y and ^, we have, (23.), 



or. 



/2 



2gy ^2^y(l+y^) 
from which we obtain 



+ C, 



^2^y(i+y'0=c' 



• 1 dx / \ 

y ^y 2C^^ ^ 
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Mrhence^ 



dx -=. 



— ydy 



Vyy^f 



T'trhicb agrees with the preceding. 



In order that the integral of — — ^ — d x 

V^gx 

may be a minimum^ it is necessary that 

should be positive (19). i. Sli~ 
Now, 



^- '•1+y^ + g'" . 

'.^ = 1 + g'* 

<i"f - 1 + y^ 



/ 






^ 
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Hence, 






d^V 






^^^^^%l2!^)^ 



- i-*. (1 H-O ^y^+2yg^ ¥ ^fi + (1 +y ^z^ ^ . 

a quantity essentially positive, whatever be the 
signs oi l%( and I z\ 



EXAMPLE V. 

Of all cycloids whose bases are horizontal that 
can be drawn between a given point and a given 
curve, to determinate that of quickest descent. 

Let the axis of x be horizontal, that of y ver- 
tical ; and since the first limit is fixed, ^Xq and ^ y^ 
vanish, and the equation of limits 

r=o, 

becomes simply, 
or 
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let ^ = be the equation to the given curve ; then 
from the variation of ^=0^ we obtain 8y ^ind x. 
Substituting for $y^, P^,V^, their respective va- 
lues^ 



in the preceding equation^ reducing and omitting 
the common &ctor ^a?, we obtain 

w,y',H-l _ft. 



= 0; 



• *• w,y, + 1 = 0, 

which shows that the cycloid of quickest descent^ 
must cut the given curve at right angles. 

EXAMPLE VI. 

Of all the cycloids that can be drawn between 
two given curves^ to find the position of that of 
quickest descent. 

Let Azz.O, BzzOhQ the equations to the given 
curves which are the loci of the limits of the re- 
quired cycloid ; from which we may deduce^ 

cy zz mS X, 8 y zz nSx: 



7t 






iP.^^r,-P^,) ix,— (i».^+F,-i».3r.)i*i=0; 

tt of 



the t«« cqaatkos. 



P,»,'rPt-P,j',=0. P,m,+ P,-P,f^O 



ia Aebit Example, we find 



•,y', + l=0. 



.,'.+ 1=0; 



tbocfive the cjdoid wliidi satisfies the condition 
required in the qoestion, mnst cat both the given 
corres at ri^t an^es. 

If there exist serend cydoids, having horizontal 
bases^ whose oommon snnnnit or origin is at the 
same pcnnt, and which cat the given carves at right 
angles ; we mast condade that the question admits 
of as many minima times of descent. These again 
separate into maxima and minima or cycloids of 
quickest and slowest descent. 

(26.) In problems such as the preceding, we de- 
termine the arbitrary constants by making the curve 
pass through the given points ; or by causing its 
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direction to be regulated in a given manner at the 
limits of the integral : these constants may thus be 
considered functions of the co-ordinates of those 
points; hence the equation to the required curve 
will, generally, be of the form. 

If we substitute in F the value of y and the 
corresponding values of y, ^', &c., the quantity V 
mil, likewise, become a function of x, Xq, y^,, Xi,yi; 
and if we take afterwards the integral of Vdx, 
from X zzx^ to ar:= .Ti, we shall have resulting a 
certain function (T) of ^0*^0^*1* Vv Now the 
value of this definite integral will depend upon the 
positions of the limits ; and we shall obtain its 
maxima and minima values by taking its complete 
differential with respect to the four quantities 
^09 Voy ^19 yif ^^^ equating the expression to zero. 

The maxima and minima times of descent men- 
tioned in the preceding paragraph correspond to the 
maxima and minima valuesof the function T. We 
may distinguish the one from the other by the sign 
of the second differential c^^T, The cycloids which 
correspond to minima or to positive values oi d^T 
wnll be those of quickest descent; whilst those 
which correspond to maxima or to negative values of 
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d^T will be relatively cycloids of the slowest de- 
scent. 

EXAMPLE VII. 

To find the curve of quickest descent situated, 
between two given curves ; the motion being sup- 
posed to commence at a point whose distance &onn 
the axis is a function of the co-K)rdinates of the first 
limit. 

Let h be the given function of x^, y^ which re- 
presents the distance of the point where the motion 
commences from the horizontal axis^ which we shall 
suppose to be that of x : then the velocity at the 
point whose co-ordinates are x, y will be the ve- 
locity due to the height y — h: hence we Jiave 



proceeding as in the second solution of Example IV., 
we find 



dx iz 



{y — h)dy 



^yiy-h)-^(y^hy 



the differential equation to the cycloid ; 
whence by integrating, 
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y «„r'y-%-A) 



* + C=-v^y(y-A)-(3,-A)'+|cos 

I 

C being an arbitrary constant. 

N'ow since x^, y^ are implicitly contained in Vy 
the expression F will contsdn> in addition to the 
quantity 

the terms, 

which arise from the variations of jr^, y^ contained 
in h. 

And since y and A are symmetrical in V^ 



d h d y 



. dV _dV dh_ ^dh 
dxQ d h dxQ dxo 



dV _ _ ^dh 
^^o" dy^ 
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Hence we have 



oxg I - — tfx=— oxp / N doe 

^jr. dx^ *J xo dx^ 



since x is not contained in h : 



^*. dffo dy^ J x^ 

but from the equation H = 0^ or iV — — L-i ^ O, 

dx 



we have 



f"Ndx = P,-P,; 



c/*» ^''o c/*o ^yo V''** ^'yt / 

Hence the equation F = becomes 

~(^.-J^(n~Pr))^yo=0: 

which, since ^ x^ and ^^^ are totally independent of 
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$ x^, may be decomposed into the two equations of 
limits. 

If h zizy Q or zz y^— e, e being a constant quan- 
tity ; that is^ if y — h, when the motion com- 
mences, z= or = e ; or, if the origin of the co- 
ordinates be situated on the first curve, or the mo- 
tion commence at the first curve, with an initial ve- 
locity, either given or equal to ; we shall have 

d h -» d h f. 
-_ = 1, -_ =0; 

dyo dxo 

and the equations (1) become 

P^^y, + (r,^P,y\)Sx, = 0, 

Substituting for ^y^^y^ their values n, ^x,, 
m^hxQi drawn from the equations to the given curves, 
and remembering that Fj — P i y', = Czi Fo— P o y'o, 
we deduce the equation 

m^zz fly 

Whence it appears that the tangents to the given 

o 2 
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cnnres at tbe pmnts in which the cydaid meets 
them, are parallel to one another; a oonclosion 
which was firat arriTed at by Borda and afterwards 
confirmed by Legendre and Lagrange. 

It was in the solntion of this problem that La- 
grange^ by omitting to take the Tariation of the or- 
dinate of the point where the motion commences, 
drew condnsions, which^ when applied to the known 
solutions of particular cases of the Brachystochrone, 
were found to be not general. This gave rise to 
doubts respecting the exactness of the equation 
r = 0> which relates to the limits of the integral. 
Borda was the first who detected Lagrange's omis- 
sion ; and, supplying it, he cleared up the difficulty 
in a memoir which he published in the Mem. de 
I'Acad. des Sciences for the year l^Q^, soon after 
the discovery of the Calculus of Variations. 
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EXAMPLE VIII. 

Required the relation between x and y, so that 
Y'(a:' H- y^)" ds may be a maximum. 

Here, 



F=(a:» + 3^)-v^l-f y"; 



dF 



11—1 



a y 

dy Vl-^-f ' 



and since 



jy d(P) dP^dP dy ^dP dy' 
dx d X dy d x dx/ d x 



- (j^-^f) 






the equation HznO or N^ P'zz.O, becomes 
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«— I 



omitting the common factor (3^ + y*) """^ and mul- 
tiplying by Vl + y ', we have 

whence we obtain 

2n(y--J?y) _ y'' 

or 

2n{y dx-^xdy) _ <iy' 



a?H3^^ 


1+y' 


Assume = tan -, then 

y 




d.t 

y y 
<i8 = — 3 = - 


dx — xdy 

x' + y' 


.■.2nrf9 = I 





i+y= 
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and^ integrating, 

2«d =tan-*y' + c; 

c being an arbitrary constant. 
Since 

-. =1 tan Q, 

y 

if we substitute for d its value> we shall have 
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EXAMPLE IX. 



Required the curve in which f xy dsh& maxi- 



mum. 



Here, 





r-xy 


ryv^l+y'd 


\ 




v'l + y"; 




and since V contains 


X, y and y, we 


must make use 


of the form 


9 








''=/ 


Md«+Py + C. 


Now, 






^ 


M-^^- 




j7 F" 


- *y»' . 


:y^l + 




d X 


• l+y'* 


• *• xy\/i- 


^-/=^ 


»\/i+yrf*+ 


*^ »'* 4- C. 



+y^ 



or 



1/1 + y^ *' 

which leads to a complicated differential equation of 
the second order. 
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EXAMPLE X. 

Required the relation of x and i^, or the curve in 

which / — ^ is a maximum. ) 

*^ as / 

In this example^ 









.'. v — 


y' 


which contains y" and y" ; 




v^H-^' 


and since 








dy" 


_ 1 




^/l+y" 


the equation 








V=Qy" 


■^Cjf ^ C, 


becomes 




. 


y" 


> 


y" - -1- r .i' -L r7 . 






• * 

. .If z 


= constant^ 


the differential equation 


to a straight line. 
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EXAMPLE XL 



Required the curve in which / — ^ is a maxi- 

*/ yds 



mum. 



Here, 






.'. Vzz 



- y 



y^i+f 



into which y, y* and y*' enter. 

Hence we must use the equation, 

Now, 

I If 1 

p = yy a = ^ 

o/_ d{Q) _ dQ dy ,dQ. dy' 
dx d y a X d y' d x 



_ ___£ y f 



■j^i^iaj^^ 
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Hence we have 






from which we deduce^ 






and 



ax : 



y^ (C/±v^4 + C'^y*) 
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EXAMPLE XII. 

Required the curve which by the revolution 
about its axis generates the solid of the least resist- 
ance. 

By the principles of Mechanics^ the resistance of 
a molecule of the fluid against the surface^ varying 
as the square of the sine of inclination^ may be re- 
presented by A I — ^ I ; and since the whole num- 

ber of molecules acting upon the body^ is propor- 
tional to the area of a circle whose radius is y, that 
is to y^; the differential of which, multiplied by 

^ j , will be proportional to the differential of 
the resistance. 

Hence we have 

p being a constant quantity depending upon tt, and 
the velocity of the body, and the nature of the re- 
sisting medium. 
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Now, 






and the equation V-ziV y* -^ C, becomes A- ^y^ ISL^ 

IT? (i+2^'7^ ^ ' 

. * . fyy'^+9yy'=^ pyy'^-^p yy'-^c (i^t/^y, 

or 

c 

whence, by putting — a for -— , we have 

2 p 

But 

dz y 

substituting for d y its value deduced from equation 
(1) by differentiation, we have 
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3a 

. X 



-^^ + :i + alogy'+C...(2). 



Now if ^ were eliminated between the equations 
(1) and (2)^ the relation between x and y, or the 
equation to the generating curve would be ob- 
tained. 

It appears^ from an equation in the preceding 
page, that the curve does not meet the axis of x ; for 

^"^ y'' dy^dx 

and the numerator being always greater than the 
denominator^ shews that y is always greater than a. 
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EXAMPLE XIIL 



To find the curve or the relation of x and y when 

r(£y_ 



^ y-Li8 2L maximum. 



Here, 

dy 
Hence the equation H = 0, becomes 

integrating successively, 

dx 

2«"or2 ^=:Cx+C'; 
ax 

2yor2^ = ^ + C* + C; 
dx 2 

''-2:3 + r:2 + ~r^ ■ 



1 



/ 
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^ ^ 11.2.3 1.2 1 3 

In this example ^ is a differential function of the 
second order^ and the complete integral of the equa- 
tion H =: 0^ contains four. arbitrary constants. To 
determine these constants we must have additional 
data. If we suppose that ^ = when x =: 0^ and 
y ^zb when x zz a: also that the curve^ at these 
points^ is inclined to the axis of x at angles whose 
tangents are t, i, we shall have 

* h. 2. 3 ^1.2 ^1 j ' 

^, when « = 0, = f .-. f = I C"; 
dx 



y, whenx=a, -i .\l!zz\ (^a'+Ca + cV 

.\e" = o, C' = 2f, c-]^h±3lz±^ 



d 
d 



^ _ 12g(^--0-246 



a=» 
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EXAMPLE XIV. 

Required the relation between x and y so that 
the function /* (y'^+2 rny y'-^-nff^) d x may be a 
minimum. 

Here 
and since^ 

the equation H r= or iV — _A_Ji= 0, becomes 

a X 

2{my^-ny)-^2{y"-^my*)-0; 

.\ y"-^ny-0, 

or 

. , y zz ge ^ + he ^ , 

e being the base of the Naperian logarithms and 
g and h two arbitrary constants. 

H 



96 cALcri^rs op TAmiATioKs. 

If ■ be li c grti t e and equal to ^ k^, then we shall 
have 

y = gmk(kx + A), 

^ and A being two other arbitraiy oonstant qoan ti- 
tles*. 



EXAMPLE XV 



Required the curve which within its arc^ the curve 
of its evolute> and the radius of cunrature at its ex- 
tremity^ shall contain the least area. 

Let /2 be the radius of curvature at any point, 
t the corresponding arc measured from the vertex ; 
then since 

the differential of the area = — - 



f. y 



d X 



* Lacroix, Tom. II. p. 320. Airy's Mathematical Tracts, 
Int. 
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- ^f- "*• 

Hence the equation F=iQy"^Ci/'-\~C be- /,/^. 



comes 



or 



y 

buty" = 4^'; 

a X 



•.2(i+3,'»)« -•i+y'^dx = cydy+c'dy. 



or 



(l+y'7* (i+yO^' 

whence by integration^ 

•1 +y^ 



or 



2(5- C")rf5=C<^j^-Crfa:, 

H 2 



If wt plate the miffm at another point in the 
axis of Xy we anj nimnif x = x + X, and then 
making — CJr+C":=0 are get qadt of the con- 



/ H 



the equation to the cmre soogfat. 
If CTziO, e=:0,wehave 



and the caire is a cycloid, the diameter of whose 

C 

generating circle is -, since the arc of the cycloid, 

4 

measnred from the vertex, =i twice the chord of the 
generating circle. 



i 
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EXAMPLE XVI. 



To find the curve in which C- — ^ is 

J as ax 



•^ '*» a maxi- 



mum. 



Here we have 



dx p /^ 



17= f^'y ~ r£j—g±^^ r y dx. 

^ dsdx J dx^ \/l+^'* J V^+y'^ 
and 



V -=. — ^ a function of y and y 






R=: 



V\+y' 
d V 1 



dy" Vl^j/^' 



r._d{R)_dR dy' _ ^f 

dx dy d X (l+y'Oi 

Hence the equation 

V=-R y" +Rf' ■{■Cif+C, C^)^. // 
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becomes 
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y 



It* 



yy* 



-f 



y 



'It 



v\ +y'» (1 +yoi *^iTy 



+ c^'+ c. 



a diflPerential equation of the second order and se- 
cond degree. 



j 



CALCULUS OF VARIATIONS, 103 



SECTION VI. 



RRLATIVE MAXIMA AND MINIMA. 



27. The preceding problems involve only one 
property^ viz.^ that of maximum or minimum ; and 
this being satisfied^ every other circumstance af- 
fecting the nature of the inquiry is indeterminate. 
Such problems have received the name of absolute 
maxima or minima. 

But when to the maximum or minimum property^ 
other conditions are added> that property becomes in 
consequence restricted^ and modified so that the 
given conditions may also be satisfied. For ex- 
ample> when the question is to find the curve of 
quickest descent^ the length being given ; both the 
minimum and the given property must be incorpo- 
rated into the nature of the required curve. These 
problems are denominated relative maxima or mini- 
ma. 



'mmmmmmm 
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28. Let V, T, W^ &c., be given functions of 
^y yy y'y fy ^^' ^^ supposing 

^ go ^ Xo ^ X 

in which v is a maximum or minimum^ t-=Lly w^m, 
&c. ; I, m, &c., being given quantities; we shall 
have at once> 

SvzzO, StzzO, 5w=0, &c....(l). 

If we should determine the function y from the 
single condition t; = a maximum or minimum^ the 
conditions tzzl, wzzm, &c,, would not be satisfied, 
for the problem requires the equations (1) to exist 
\ simultaneously. But if we assume 

in which a, h, &c., are constant fectors^ it is evi- 
dent that that value of y which makes the sum or 
new function U a maximum or minimum absolutely, 
or with respect to all possible values, will render its 
first term t; a maximum or minimum relatively; 
that is with respect to the conditions t i^l, rv zz m, 
&c., since the remaining terms, at, bw, &c., are 
constant quantities. At the same time the arbi- 
trary constants a, b, &c., enable us to satisfy the 
given conditions. 



} 



'•'^■•'■^■■■'"■^"'**^ ''^•^mmmmmmmmmmmmmmmmmmmmmmim 
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In fact when Sv, 8t, Sw, &c,, are functions of 
Xy yy y' 9 &c*^ Aucl ay b, &cc.f are totally independent 
of them, the equation 

Sv-j-adt 4- 6 ^ w + &c. = 0, 

really embraces the separate equations 

dvzzO, St — O, $w=0,&c. 

Hence the problem of relative maxima or mini- 
ma is reduced to that of absolute maximunl' or mi- 
nimum of the single integral 

U = fXr-^a T-\'b fF+&c.) dx: 



and the variation of U^ equated to zero, being de- 
composed into the two equations F = 0, H =: 0, 
affords a complete solution to the problem. 

29. The principle by which we reduce one pro- 
blem to the other, may also be obtained by decom- 
posing each integral into its infinitely small ele- 
ments. 

Let there be three integrals Vy t, w, and suppose 
V^y T^ W^ to be the values of Vy T, W when x is 
replaced by x-^-ndx; alsolet tefa: zz jCj — x^, t be- 
ing infinite ; then. 



sMMHamaaNn 
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vzz r 'FdxzzVodx-tFidx + V^dx..,. ^idx, 
t = r''Tdx=:Todx+T,dx-^T^dx.,„Tidx, 
fv=J^''W dx=:W,dx'^W,dx+W^dx....W,dx. 

Taking the variations of these equations aiising 
from the arbitrary increments of y, and of x^, Xi 
at the limits^ supposing d x constant^ we shall have 

Svzz$ V, rfx + J V, dx +J r, dx ^ V,dx 

'\-F,^x,^F,$x^ 

U—^Todx-^8T,dx-\-^T^dx dT^dx 

$w=SW^dx+$W^dx + $W^dx ^Widx 

-j-W,^x,^W,$Xo. 



Now when v is an absolute maximum or minimum^ 
^ v=0 ; and the values of ^ between the given limits 
X and X ,, having no connection from other conditions, 
are entirely independent of one another. Hence the 
coefficients of the variations of y in the equation 
^ v=0, must separately be equal to 0. In this 
manner we deduce the differential equation which 
serves to determine y in terms of x, and a certain 
number of arbitrary constants. 

But when v is to be a maximum or minimum. 



CALCULUS OP VARTATiaNS. 107 

subject to the conditions tnzl and w:^m, it is not 
necessary that ^ v should be equal to 0^ for all va- 
lues of y between the given limits^ but only for 
such as make ^^=0 and SwzzO ; so that we must 
have, simultaneously^ 

8v=zO, UzzO, SwzzOi 

hence the variations of all the intermediate values 
of y will no longer be independent of one another 
in the equation SvzizO: but these variations^ equal 
in number to that of the equations ^ v^iO, 8 tzzO, 
$ fvizO, will have determinate values^ which must 
be deduced from the latter two equations and sub- 
stituted in the first ; then equating to zero the co- 
efficient of the variation not eliminated, we shall 
have the differential equation by which the function 
^ is to be determined. The arbitrary constants in- 
troduced by integration, serve to give to t and w 
their required values^ / and m. Instead of elimi- 
nating, we may, as ^vas done in (22), multiply Ji^-^ 
8 tz^O, ^ wzzO by the constants a, b, and then add 
the products to ^ vzlO. Thus we shall have 

Sv+aU'\'b8rvzzO, 
or 

8 (v-\-at-^bw)izO; 
an equation in which the variations of the inter- 
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mediate values of y, as in absolute maximum or mi- 
nimum^ are totally independent of one another. 
Consequently the problem proposed^ in which the 

integral C ' V c? x is to be a maximum or minimum, 
and the integrals f* ^Tdx, C * ^ (fa;, are to have 

given values, is reduced, as in the preceding article, 
to that of the absolute maximum or minimum of 
another integral, viz. 






30. The geometers who first determined the 
curve corresponding to the maximum or minimum 
of an indeterminate integral in its whole extent, 
were satisfied with making the ordinate of a single 
point in the curve, or twft of its elements, vary, and 
deducing therefrom, the corresponding variation of 
the integral in question, which they equated to zero. 
When the curve was further required to possess a 
given property, it was necessary to make two ordi- 
nates of the curve, or three consecutive elements, 
vary ; from one of which an equation was obtained 
involving the maximum or minimum ; and from 
the other an equation containing the given con- ' 
dition. These two equations involved two arbitrary 
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quantities ; by their elimination^ the curve was de- 
termined into which both properties were incor- 
porated. 

In general^ if several integrals relative to the 
length, &c.^ of the curve ef maximum or minimum 
have given values^ and if the abscissa of any point 
be taken as the independent variable^ it is necessary 
to make the co-ordinates of as many consecutive 
points of the curve vary simultaneously as are equal 
to the number of these integrals augmented by 
unity ; then to equate to zero the total variation of 
each of the given integrals, and of that which is to 
be a maximum or minimum. By combining these 
equations we obtain a property which must be pos- 
sessed by the curve required. It was by proceeding 
upon this principle that Euler first reduced the pro- 
blem of isoperimeters^ taken in its most general ac- 
ceptation, to a question of absolute maximum or 
minimum. 

Let us take, for example, the curve in which 

V = f^ V d jczza maximum or minimum. 



t = f"' Tdx=l,w z= f' Wdx=m; 



I and m being given. 

And let us suppose the three co-ordinates 
I yy Vv Vv which vary, to correspond to the abscissas 
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X, x-^dx, x-r2 dx ; then since F, T, ^are given 
functions of x, y, y', &c.> if we replace y, y, y', 
&c., by their firsts second^ thirds &c., differentials 
of the consecutive values of y, divided hy d x, d or, 
dx^f &c., and suppose the increments of y, y^, y^, 
to be denoted by d> 0„ d,; we may represent by 

the corresponding variations of the three integrals 
Vy t,w; the nine coefficients p, p |> pa, qi, q^, r, &c., 

being certain unknown functions of the values of y 
which have varied^ and of the corresponding values 

of X, 

Now since y\'=-y + dy, ii we change x into 
x-\'dx we shall have y^^^yx-^dy^ whence it is 
evident that pi, ^p ^i may be drawn from p, q, r, 
and Pa, 9a, r„ from Pi, Jp r„ by the like substi- 
tution of x + rf X for a ; hence we have 

p,=:2}+rfp,pa=Pi+£?p„ 

=2}-|-2 dp-^-d^p, 

=.q-^2dq-]-d^q, 
r^zzr-^-dr, r ^zzr ^ -\- d r ^, 

=r+2dr+d^r. 
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By substituting these values and equating to zero 
the variations of the three integrals^ according to 
the conditions of the problem, we shall have 

(Q + fii + Oa) p + (e+29,) Jp + &,d'p=0, 
(6 + 01 + 0.) q + (0+2 0,) dq + 9, d' q=0, 
(0-f 0^ + 00 r +(0+2 92)ffr + 0,rf^r=zO. 

Eliminating + 1 + a> we have 

(0+2.6,) (^ - Li) + 0, /^- ^Lnzzo, 

\p q / \ p q J 

(0+20,, (iP - l^^ + 0, (^^ ^ ??^"^=0; 

Vp ^ / V p q / 

eliminating in its turn 0+2 0,, omitting the com- 
mon factor 9 J, and we obtain 

pd^q-^qd^p __ pd^r-^rd^p _^ 
pdq — qdp pdr — rdp 

Now if we integrate this equation, calling c the 
arbitrary constant, we shall have 

log (p dq-^q dp) — log c (p dr^r dp\ z= ; 
.', pd q—q dp — c (pd r—r dp) zz 0, 

or, which is the same thing, 

dp ^ dq — cdr __ ^ 
p q — cr 



I I m ipf»— "s""! ,1 ■■ mm'Wtrr** w "> * — 
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integrating again, — a being the arbitrary constant, 

p + a(q—cr)=0; 

or putting 6 for — a c, we have 

p + flg + 6r =0; 

which is the equation of absolute maximum or mi- 
nimum of the integral 



f {V-i-aT+bW)dx. 



EXAMPLE I. , 



Required the curve of quickest descent between 
two given points, its length being given. 

Here we have 



vzi f "^ V dxzz r *v ^- <£ x, a minimum ; 

tzz T' Tdx= f"' v\Tf'dx-l. 

. U =y'' f \/\±£ + a ^f+^) dx. 
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and 

hence the equation YzzPy+C, (23), becomes 

or 

• 1 ^ ^ 

and by reduction, 

dxzz ^^W^ff 



the differential equation to the curve. 

This equation contains two arbitrary constants, a 
and C; its integral will contain a third. 

liCt us suppose 

!f = F[x,a,h,C); 

then to determine these constants we have the three 
conditions stated in the question : 
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1£, instead of tbe lengthy the area had been given, 
we should have 



^ — A/— ^-^ +«y; 

V y 

and the equation VznP y' + C, in this case, be- 
comes 



V 



' '^ + a t/ ~ — =- ^ ^^j 



or, 

— == =:C—ay, 

whence by reduction we obtain 

^^-, {C'-ay^^/y 'dy 



CALCULUS OF VARIATIONS. 115 



EXAMPLE II. 

Given the length of a curve between two given 
points, to find its nature when the area is a maxi- 
mum. 

Here 
V z= f ^ V dx iz I ^ ydx, a, maximimi ; 



and the equation V zn Py -f C becomes 

'2 

therefore. 



3^ W+2^''-i-a= CVl-\-y'\ 
or. 



whence we obtain 

I 2 
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or, 

the equation to a circle, the co-ordinates of whose 
centre are C, C, and its radius a. 



EXAMPLE III. 

To find a curve returning into itself that shall 
contain the greatest area* its length being given. 

Employing the polar co-ordinates r and b, we 
have 






— , a maximum, 
2 






Viz Jr=^-f-a\/rHr^,' 
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ih^f 



observing that the quantities Xy y, y' are replaced / c^ 
by 0, r, »^; hence the equation Y •=. P'/ -\-c be- 
cnes 



1 rHa ^/f^+r'« = "^^ + c, 



or. 



whence we deduce 

which may be integrated as follows. 

Equating to zero the quantity within the radical^ 
and calling h^ and P, the roots of the equation^ *" ^ 
r*— 4(a^4-c) r* -f- 4 cr^zzO, the expression for d^ f 

may be put under the form, ■ 

/■ 

» 

in which we must use the sign +, since the curve^ 
returning into itself^ and the origin of the polar co- 
ordinates being situated within the figure^ the angle 
d increases indefinitely; and its differential can 
never be equal to for any value of r, such as 
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r'zu^hk, comprised between h and k. We have, 
therefore. 

Let us assume 
then 



1 -i-tt* ' 



and 



~(l-fw^)i Vl^'+W^' 

Substituting for h^—r^, r^ and dr their respective 
values, the expression for d d will become 



J* d u , hk du 

dB=i- + 



Integrating, we have 

= tan w + tan --— , 

h 

in which we introduce no arbitrary constant, since 
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we may suppose d to be reckoned from the radius 
vector h, in which case uzzO, 
We have then 

k u 
tan =1 ; — = ~T ir~r' 



or^ as it becomes by substituting for u its value 






tan f^ J "^ r^-^k^ _ Vih^^r^){r^-k% 

h — k. 



z^- k'' 

Squaring and replacing tan' by its value 

^-^'\ we have 
cos*0 

l-cos'Q _ (A^-r") (r^-A^) . 
cos *e (r"-A A;/ ' 

whence we deduce 

(r*-A A)* = (A-Ar)* r* cos* ; 
.• . r*— A A: = ± (A-A) r cos 0. 
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Taking the sign +> that r may he zz h, when 
6—0, we shall have 

r* — (h — k) r cos & zz k k, 



or, 

r«-(/,-Jt) r cos + i(*-A:)'=zi {h-\-kf; 

which is the polar equation to a circle whose radius 
=f (A+A:), and whose centre is situated at the dis- 
tance ^(h — k) from the origin of the polar co-ordi- 
nates. The arbitrary constant or diameter h-^k 
will be determined from the length of the circum- 
ference /, and the other constant h-^k remains in- 
determinate. 

If the curve, instead of returning into itself, 
should be terminated by two fixed points, and such 
that the area of the sector comprised between the 
two radii vectores and the given length, may be a 
maximum, the preceding equation would still be 
that to the curve sought ; but in this case there will 
remain no constant indeterminate. Let f and g, 
(fig. 6.), be the two radii vectores at the two extre- 
mities of the curve, I its length, and a the given 
angle of the sector ; we have 



2 



a 



and if we represent by 8 the unknown angle be- 
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tween the radii /and h, and consequently by a-fS", 
the angle between the radii g and h; so that 0=0 
when r—h, 0=^ when rzzf, and d=aH-^ when 
r-zzg ; we shall haye 



^»_(A_A)^cos(« + J)+.i(A-A)»=L; 






and by the elimination of ^, we obtain the value of the 
arbitrary constant h—h When a=2 tt, the curve 
returns into itself, or the circle is complete, the 
preceding equations are identical, and A— ^ is in- 
determinate as before. 



EXAMPLE IV. 



Given the surface of a solid of revolution to find its 
nature when the solid content is a maximum. 

Let X be measured along the axis of revolution ; 
then, 

tJ=^^ yax,B, maximum ; 
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t=2ir f'yvl+y'^dxzzL 



including the &ctor 2 in the constant a. 
Hence 



and the equation VziP y + C, gives 
from which we deduce 

If CziO, we have simply, d st— "" -^ ^ ; 

whence the curve is a circle whose centre is in the 
axis of revolution. 
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EXAMPLE V. 

Given the length of a curve to determine its na- 
ture when the solid generated by its rotation is a 
maximum. 

Here, 

I, ~ ^ r^^y^ dx, 2L maximum^ 

V-iry' + ay/lTT^; 
hence we have 

«?^* +c. 



whence 



1 1 



y 



. .ax — — 



Va*-CC-5r5^^) 
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EXAMPLE VI. 



Required the curve that generates the least sur- 
face, the area being given. 



Here 



^ =y^*'r2 7ry ^/l+y*+ayjrfa:. 



and we have 

2 X y ^^U^+ay=^jJl + C, 

from which we deduce 

dx- (C-~gy) dy 

If the length of the curve be given instead of the 
area, we shall have I 

i 



hence, 



V = (2T^ + a) •!+/*, 



J 
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and the differential equation to the curve will be 



d X zz ^ 



Cdy 



integrating, we have 

■which is the equation to the catenary. 



EXAMPLE VII. 



To find the solid of least resistance among all t- 
Bolids of equal capacity. 



Here 



^ r""' yy 



j^. vzz f -r^— dx,dL minimum. 









t 

4f, 



(indudhig v in the conjitant a) ; 
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Y^PJiML + ay^; 
whence the equation VzzP ^-\-C becomes^ 

i+fT ^ (i+yr 

by reduction^ we have 

(ay»-C*)(l+yT = 2f^y^ 
or 

{ay^'^C') ds^ =2 pi/ dy^ dx, 

^« If^ instead of equal capacity, equal surfeice be 
used^ we shall have 

and the equation VzzPy'-^-C will be 

whence we deduce I 

Cds^'\-2 py di/^ dxzzay ds^ dx, i 

v3« I^ t^e solid of least resistance be required with 



I 
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both the specified conditions^ we shall have 



and. 

and we shall have 

C (l+y')'+2 f ytf''=af {l+yy+b y (1 +^^)|. 

or 

(C-~ay'') ds^—bds^ dx-^2pydi^ dx. 
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EXAMPLE VIIL 



Required the curve which generates the solid of 
greatest volume^ the length of the curve and its area 
being given. 



In this 


example^ 
=z /^ v^ dx, a maxin 


vox 






U 




mzz f ^ y dx zz m. 




• » 


r*^/ 





'• U =J^*'(f+a^l+y-'+byjd 



whence 



;2 



dx f+by—C 
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or 



V{a^-{f^by^C)^y 

the equation to the elastic curve. Poissen*s Traite 
de Mecanique, Tom. I. No. 310; Vince's Fluxions, 
Prob. CLXXII. 



EXAMPLE IX. 

Of all solids of revolution^ and of equal mass^ to 
determine that whose attraction upon a point si- 
tuated in the axis is a maximum. 

Let us take the given point as the origin of the 
co-ordinates x, y of the generating curve; then 
the attraction of a circular lamina of the body 
whose radius is y and thickness h upon the point is 
expressed by 






p being a constant factor which expresses the inten- 
sity of the attractive force, referred to the unit of 
mass and of distance *. 



* For a ctear explanation of the number ^, vide Poisson*s 
Trail© de M^c. Tom. I. p. 170. 

K 



^ 



/ 
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Hence the attraction of the entire solid, changing 
h into d X, will be 



which is to be a maximum : 



also. 



t =: nrj ^ y^ dx zzl. 



•. u= r^ ( i^—. 



+ 



^ + y* 



a f\dx'y 



V=l- 



X 



Vx^-^y^ 



+ « y' ' 



hence 



becomes 



iVor z= 0, 

dy 



?J( + 2ay=0; 



^^(«''+y) 



the equation to the generating curve. 



1 
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EXAMPLE X. 



Given the length (Q of a curve^ to find its nature 
'when the centre of gravity is most remote from the 
axis. 

Let the axis of y be horizontal^ that of x verti- 
cal ; then the distance of the centre of gravity 
from the axis of y is expressed by 



Hence we have 



and the general equation 

dx dar 

K 2 
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becomes^ by integration, P=zc ; 



I y 



whence we deduce 

J ^ — cl d y 

a X HiZ — — - — -^ ; 

•*• VI +y« dxofds zz^ cl -|> 

y 

and^ integrating^ 

cl , J _^ f cl 



Now 



y s^c 



^1+7' = ^* 



dx 



equations to the catenary. 

If the condition of equal length be omitted^ that 

is, if fl=0, we shall have - z: c — ^; and the 

nature of the resulting curve will be the same, s 
being represented by ^ ; and if * be not represented 
by /, but be supposed to vary, the curve will still be 
a catenary. Vid. Sect. VII. Example II. A /^^ 
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EXAMPLE XL 



Of all Isochronous curves^ to find A B, (fig. 7,) 
such that the space included between the curve A B 
and the chord drawn from A to B may be a max- 
imum. 

Here we have 

_ r ■ / y — j' \jx,a mazimnm ; 



and 



■=j:.W-¥''=' 



I denoting a given time< 
Hence^ 



U=y"'{i(y-yx)+«y^i±»:}rf*; 
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and 

V = J (y-y' x) + a A /^'^ 
containing x, y and y, 

and the equation, 

V = / Md« + Py* + C, (23), 
becomes. 



but 

including the arbitrary constant in C ; 
hence> by reduction^ we obtain^ 

y + = ^> 

and 
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which is the equation to the curve. 



EXAMPLE XII. 



Of all Isoperimetrical curves drawn between B and 
N, (fig. 8,) to find B FN such that another curve 
B Z N constructed upon the same base shall con- 
tain the greatest area^ the ordinate P Z being a 
given function of the ordinate P F, 

Representing PF hy j^and P Z\the given func- 
tion of P JF/by ^^y, B being the origin of the co- 
ordinates^ we have 

»=/* ^1/ dx, 2L maximum, 

^=J^J\Tff'dx = l; 
I representing the given length. 
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and 



The equation, 

V = py + c 

becomes 

'2 



or. 






rf « C— N^ y 

and consequently, 

the difTerential equation to the curve, the integral of 

« - • 

which will contain three arbitrary constants ; to de- 
termine these we have given the two points B and 
N, and the length (/) of the curve. 
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SECTION VII. 



31. When V^ as well as being a function of 
X, y^ y'i y'\ &c.> depends upon other integrals. 

To find the variation oi I Y dxm which V is a 
given function of x, y, y, y'*, &c., and of 
w^, j Tdx'y T being also a given function of 

Since^ 

V z= F («, yy y, yy &c., w), 

T=/(a;,^,y,/, &c.), 

d T=/x dx-\-v dy+TT djZ+i dij^-^t &c. 
We have also from art. (16.) Jt^ /hZ-^ 

lj\ dx=VU +f{dx J V-rf V $x)y 



138 



CALCULUS OF VARIATIONS. 



which, by substituting for d V and $ V these abbre- 
viated values, 

ciV = rf\{/ +Ldu, 

becomes 

sfVdx = Y8x + fidx^^-^d^^x) 

+ r{Ldx8u—Ldu$x), 
Now observing that 

du ^T dxy 
^uz=.^ PTdx—T^x^ ndxST^dT^x); 

making C L dxz^I, and integrating by parts, the 
last term /*(Z dxB u-^L du $x) becomes 

ifidx^T'-dT^x) ^fKdx^T-dT^x); 

substituting this in the preceding equation, we 
have 



^ rVdxzzVSx-^- Cidxh^-^d^lx) 
+ir{dxiT---dT$x)'-ri {dxlT-^dTU) 



...(1) 



I • 
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the Talues of the integrals 

ivill be obtained by the method followed in (16)^ 
since ^ and T are precisely similar to V in that ar- 
ticle. 

Again, the last term Cl{dx I T-^d T ^x), 

by substituting for the quantity d x^ T-^d T ^ x, 
its value 

M^ill become 

^^^ \ dx dx^ dx^ / 

integrating by parts, 

/Iv -^dxzz Itfu-^ I SJlludx, 
dx ^ dx 

rntidx=n^- r^iilUdx 

*^ d x^ dx fj.dx dx 

dx dx ^ dx^ 

&c. 
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Sabsdtntiiig these ezpiessioiu in the ralue of 

f I {dx i T^d T Z x)i and afterwards repladng 

the three integrals of equation (1) hy their in- 
dicated Talnes, we shall have for the TBiiation of 

J Viz, in the case proposed, 

+/ H n dx+lf Kmdx+fl U^dx; (B) 

making for brevity 

dx dx' 

dx rfx* 

dx dx* 

T = VSx + {P-im+£m - &C.Y 

\^ dx dx^ ^ 



+ (Q 



'i^ + &c A i^ 

d X / dx 






+ &C. 
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E = 



\ ax a XT / 



d u 



*'Q-i^* <-yf. 



+ &c. 



\^ ax ax* / 



+ f //9^&C. I ^ 



tip — &c. I 

If we suppose 

in which 

u=:fTdx, u^-fT^dx^&cc., 

it is easy to see that 8 f W dx will become 
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'\- l(L^dx^U'-L^du^x) ; 

+ &c. 

and to obtain the expression for the variation of 
f F d X, it is necessary to add to the preceding ex- 
pression for $ f F d X the developments of the 
terms 

I,J*(dx 5 2;-cf 7; ^ x), -A (^ ar ^ r— rf T, 5 x) 

2^ being z= f L^dx: each new function Lfj^)dU(^>, 

introducing into the expression for ^ /* F rf ar, the 
terms^ 

I^n,J{dxlT,,^^dT^,^^x)y 
which are similar to the preceding. 



32. If the total variation of f W dx he re- 




A 
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quired from xzix^to xzzxi, Xq and Xi being con- 
stant quantities^ the definite parts or the terms 

freed from the sign f in the expression for 
8 r V dx will vanish ; and making 

/ L dx^l, 

we shall have from the equation (^B), 

since I is a constant quantity. 
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EXAMPLE I. 

Of all Isoperimetrical curves drawn between the 
given points B and N, to find B FN such that 
BZ N, constructed upon the same base, shall contain 
the greatest area, P Z being a given function of the 
McBF{sy Fig. 8. 

Here the maximum property, 
corresponds to 
and the isoperimetrical property being 



we have by the principle of (28), h,/0^ 



and 

v'l+yi' di 
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which^ compared with 

dVzzMdx + Ndi^ + P dy'+&c.+Ldu, 
gives 

3f=0, N=0, P= ^^ . L^il, ds=du, 

Vl+y* as 



.*. v/l4-y^z=rand7r 



y 



hence the formula of solution^ art. (32),y« ./fe 
i f* Fdx= r*' {N- iSi}+&c.\. dx 



gives 



integrating^ we have 
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ay'^{l^ f Ldx)ffzzC Vl-Vf, 



or 



from which we have 



dxzziySIz:£>i 

c 



I- rLdx-^^^+^. 

J y' 


— a; 


..d(l fLdx)- ^/^ C 


y" 


Cdy' 




yvi+y«' 




whence 








. . Lds=: — /., 




integrating. 




if 





the differential equation to tlie curve* 
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Hence^ 

CdM {^M^C)dM 

The last two examples compose the oelebrated 
isoperimetfical problem proposed by James Ber^ 
nottlli to his broths John at the end of his soltttioa 
to the pt^blem of the cttnre of quickest descent. 
For an interesting history of this problem^ perhaps 
the most difficult thoe was ever proposed^ i^ide 
Woodhouse's liopermeirkal Problems, p. 14> or 
Bossttt's General Hvfkny 0/* Mathematics, p. 93fi. 



t 3 
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EXAMPLE II. 



Suppose a chain or cord of variable thickness to 
be attached to two fixed points ; it is required to 
find the nature of the curve which it ought to form, 
80 that its centre of gravity shall be the lowest pos- 
sible. 

Let the weight of an element of the curve be 
expressed hj ^ds,^ being a function of s depend- 
ing upon the law of the thickness of the chain ; 
then the distance of the centre of gravity from the 
horizontal axis of y will be expressed by 

/ X ^ ds 



r 



Qds 



which is to be a maximum. 
Hence we have 



I 



•' 
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= 0; 



*o *^*o ^*0 ^*» 

the terms of which we must develop separately. 
Since^ 

A' ^f'xbdszz^ r" x^y/TT7^dx, 



and 
', y^, therefore the equation in art. (32), becomes, 

• » 



since 



160 (uiiCiriiOe or tabiations. 

N=iO, P= '^^ . Q=0, &c; 

p=o, >=■ y . p=o, &c. 



But 

hence the preceding equation by substitution and re- 
duction becomes 



Sr"x6ds 






(]{x 



in wliich> 



I or r*^L dx=ix 1 ,— JPo Oo --/*'' ^ ^ '• 

^0 • 



;i . Again, 
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and the equation referred to aboye> in this case, be- 
comes 







iV^ beintt=0, P= » ^ ^ ^^ ■ . f Ld^^ ^•r 

vi+y« 

/ vT+p ~ rfar=9 ; and T, being analogous to 

I, represents the entire value of 6 between the va- 
lues of xzzXj^fjiA xzixl, thatis> 61— 6 o* 

Hence we have 






d 



S r"%d t=:^f",—^ll±UL>, d «. 
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Substituting in the equation (1), the values of 
^ J d xds and Bj ^ 9ds given above^ and repre- 



*0 



senting by AsLXidB the definite integrals f' x &d 
and r *6 d*, we obtain 




d 
A^ 



( ^'y \ d(ll±i£^\) 

OJC da: J 



Avhence we have, (20), 

A 
X being put for -; and, integrating. 



C being an arbitrary constant. 

Now I, r, and X being constant quantities, we 
shall have, by differentiation. 
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-whence. 



y 

integrating. 



Mxv/r:r^=_^', 



f6ds=9+c; 



y 

O being another arbitrary constant. 
We have therefore, 

/ dv C 



dx fBds-'C 
and since 



dx— d. : d», 

and 

Cds 



dy=. 



^{(pds^Cy+C'} 
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If the chain be unifonnly thick, is constantj 
and 

d — jfns^C) ds 

*""^{(flM-C)»+C»}' 



rfy= 



Cds 



•{(w*-cy+c*}' 



which are the same equations as those of Ex- 
ample X. Sect. VI., and belong to the catenary. 

33. Suppose T to contain a new intend 
«,= /* T^dxy or to find the variation of f Y dx 
in which V is a given function of x, y, y, tf', &c., 
and of uzzfT dx; T being also a given function 

of X, y, y'i^f'i &c., and of u;=ifT^ dx; and T^j a 

given function of x, y, %/, tf^ &c. 

In this case, 

d Tzzfx dx+v dy+ir di/+^ rfy +&C.+Z, du, 
d T;=iL, dxzzv, dy^^w^ dy'-\-l, rf/+&c. ; 

and, making as before. 



dV=rf\(/+Z du, 



we have 
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Also^ since 
y(L dxiu--L duix)=f{L dxf(dx ST^dT Sx)}, 

if we replace d T and 5 T by d^^+L, du^ and 
$ '^,+Lf 8 u^, we shall have 

f{L dx hi^L du dx)=:f{L dxf{dx i^^ -rfi^, $x)} 

+ f{L dx/(L, dx ^u^-^L^ du^ Sx)} 

oTy patting in the place of du, and iu,, their values 
Ty dx and T^ Jx, we shall have 

f(L dx Su-'L du8x)=:f{Ldx/{dx (J^^ — rf\t, $x)} 
\f\L dxf{L, dxf(dx $T,-^dT, &) } I ; 

whence we hseve 
^fy diGzV da+J*{d»H-^4^ ^at)^f{Ldwf{d;g H^—dyi^, J*)} 

Now 4', is the same as Tin art. (31), hence it is 
only necessary to find the valae of the last term, 

J^^Ldxf{L, dxf{dx 8T, -dTJx)}l, 
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and to add it to the development of S fV dx, given 

in the preceding article, to have the variation 
sought. 

Let us make f L dx^zl, and integrating by 
parts, we shall at first have 

// {L^dx /{dx^T^dT, $x)} 

-f{IL dxfidx ^T^^dTJx)} ; 

BLgain, making f L dxzzl^, and f I L dx=.K,, we 
shall find for the first of these terms> 

IlJ{dx ST^'-dT, 8x) - Ifl,(d^ ST^-dT, $x) ; 

and for the second 

^Kj{dx $T^--dT^ ^x) + fK^ [dx ^T^-^dT, $x), 

Of the four new terms just obtained, two are si- 
milar to I f {dx 8T — dT &f), and the two others, 

to fl {dx 8T^d T ^ x), of which we have treated 

before (31). Hence the complete development of 

the variation oi f V dx in this case will be obtained. 

From what is done above the method of proceeding 
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will be evident if T, should contain an integral 

Generally, if 

VzzF {x, y, y', y'\ &c., u), 
uzzfTdx; 

T=Fj (x, y, y, y\ &c., w^), 

T,—F^ (JT, y, y'y y'\ &c., w^,), 
u^,-fT,dxi 



T^n-i^-zzF^ {x, y, y y\ &c., «(„)), 
** (n)^^ -^ (») dx; 

the variation of f V dx will be obtained without 

any other difficulty than what may arise from the 
length of the calculations. 

34. If V, T, T,y &c., be functions of three va- - , 
riables Xy y, z, we may, as was done in (22), extend A" ^"f 
the preceding formula: to comprehend this case. 

In fact, let 

dYzzM dx-\-N dy+P dy -{-ady" ^R dy'" -^Sic. 

•^-N^dz+P^dz' ^adz*' -^R^dz" ^&ic. 
+Z du; 
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in which 

y = -£, y =_2 &c., 2 =z_, z =: " &c, 

it is at first evident from the preceding article that 
we shall have^ 

and thus we arrive at the same reductions ; we have 
then only to develop the quantities of the form 
dx Z'^'^d'i^ $x^ By art. (16) we have 

+N,di8 (J«— y ^)+/', lir (ljB'-V'X*)-f &c. ; 
making for brevity, 

we shall have 
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and performing the integrations by parts> we find 
two series of terms> the one in v, N, P, Q, &c., and 
the other in o;^^ N^ P^ Q^ Sec, exactly similar to 
those to which we have before so frequently re- 
ferred. 



I 
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SECTION VIII. 

35. To find the variation of a function which is 
only given by means of a differential equation. 

Let the function be fu, u depending upon a dif- 
ferential equation involving no differential of u 
higher than the first order: let us suppose this 
equation to be 

X being a given function of x, y, if, %f', &c., V a 
given function of x, y, y, y*, &c,, and w. 

Taking its differential^ {d x being constant^) we 
have 

„ /dX. ^d X dy. . dX dy' . . \ , 

cTu— I ---^0?+-; fdx-\--—j.-^dxJc^G. I dx 

\dx ay ax dy dx / 

, /dVj ^dV'dy. ^dV dy' .. \j 
\dx dy dx dy' dx / 

-j du dx zzO. 

du 
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Representing the part of the given equation 
• which is independent of u, by the symbol ^, and 

d ^ 

by Ty we may write the preceding equation thus, 

du 

d^u — d.<p dx-^- T du dx:=.0. 

t 

Changing a diflferential into a variation^ or, which 

li^c- is the same thing, taking the variation of the given 

% equation we have 



\it 



r 



d^U'-^(pdx-\-T^udxzzO, 

Now to deduce the value o£ S f u or f S u, we 

shall multiply the last equation by the indeter- 
minate factor A, and we have 

A fZ(JM— A S(pdx-\'\T8udxzzO, 
or, under another form, 

' d . \8u-Sud\^\S(pdx-\^\ T8udx=zO...{l) 

This equation being of the first degree and first 
'•' order, and having introduced an arbitrary factor A, 
it is manifest that we may assume for the deter- 
mination of this factor, 

xTSudxSudXzzO, 

I provided we substitute in the sum of the remaining 

I M 

i 
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tennt equated to xero, the Talae thus obtained 
whence we have 



dx 



= Tdx, 



and integrating. 



logXzz/Tdx, 



or 



/Tdx 



A= e 



Substituting this in the sum of the first and third 
terms of equation (1), we shall have 



or. 






.-.t.^,-^^'- 1' ■■''"• 



y. 



^ ^ d X ; 



consequently. 



r. ^ r r —CTdxP f Tds . - 



J 
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where it is unnecessary to add' any constant^ since 
we may suppose it comprised in the indicated inte- 
grations. 

z'^ $ ^ dx hy 

the formula in art. (1 4)^ callings A , I; and sub- /^* '■^-^ 

stituting for M, N, P, &c., m, n, p, &c., in that ar- 
ticle^ the quantities 

(-^-^'/), /r-^+^. <-^+'/)' 

V »^ axy \ ay dy/ \ dy dy J 
which correspond to them. 



36. In general let the differential equation be of 
any order whatever, and contain any number of va- 
riables ; then the equation being of this form, 

^ being the part of the primitive equation which is 
independent of w, we may, by the substitution of 
the symbol ^' f or d, give it the following form. 



M 2 
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or 



an equation of the first degree with respect to B u. 

Hence multiplying by the indeterminate variable 

• * • factor A, and affecting each term with the sign 

/ , we shall have 

Integrating by parts^ 

J\ T.d^uzzxT, Su^fSud(\Tt), 

fx ^a ^' ' "=^ ^2 ^ 5tt-^W d (X Tg) 

• fx T,d^ Su=xT,d' Su-dcud(xT^) 

+ ^M rf2 (X T,)--f$u d" [XT,), 
&c. 

Hence the preceding equation becomes 
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"N 



>^o. 



Cx T,-rf (A T,) H- d' (X r3)-&c.) S u 
Cx r^-rf (A Tg) H- &c.) rf d^ M 

(X Ta— &C.) rf^^M 

.Ah 



Assuming the coefficient of ^ u under the integral 
sign equal to zero, we shall have 

the complete integral of which will contain as many 
arbitrary constants as are equal to the number (n) 
of its order ; and, consequently, equal to that of 
the variations ^u, d^u, d^^ u,.,d'*^^Suy in the part 
of the preceding equation freed from the sign /. 
These constants will enable us to equate to zero 
each of the coefficients of dSu, d^Su, &c., in that 
part, when we shall have assigned to x, y, &c., the 
values at the limits. 

In general, from the equation 

X T-d (A ri) + d*(A T^)-^&c.=0, 

we may determine the factor A, the value of which 
we shall have to substitute in the equation 
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(X T^'-d (x r,) + d" {\ r,)-&c.) Jtt 

+ (X r J— (/ (x Tg) + &c.) d^u 
+ &c. 

+f'Kd<f ^ 



^ 



)>=0 



-/ 



37. If we suppose the variables x, y, sf, &c. to be 
subject to the condition expressed by the equation 
^zzO, so that 

Xdx + Y dy+Zdz+SiczzO, 

X 8 x + Y S y+Z $ z+ScczzO; 

we shall have the expression of one of the variations 
in a function of the others, which we may substi- 
tute in the value of ^ u, found by the preceding for- 
mulas^ and the number of variations will be dimi- 
nished by unity in the result. 

The same method may be used when more con- 
ditions are to be fulfilled^ by combining the equa- 
tions which connect the variables with those rela- 
tive to other conditions of the problem. 

38. If the differential equation be represented by 



r=o. 
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I^ being a given function of oc, y, y y y\ &c., 

%A, u, tt", &c., in which y' = — ^, y" iz — 2^ &c., 

^ dx ^ da? 

«' z= — , u" zz. —J &c., we must determine the 
d X dx 

development of 5 FzzO ; but since dV^iO, we shall 

evidently have the equation^ 

f{dx$V--dV$x)z20, 

which is of the same form as that in (16). A . ^^/^ 

Let 

d VzzMdx+N dy+P dy'+Q df+kc. 

-hTdu+T^d m'H- T, du"+&c.y 

8 F=MU-^N$y+Pdy+Q$f+&c. 

and if we make 

8y — i/ S x^u, 
8 u — u' dxzzOi, 

we shall have 

rfa;^r-rfF5a:=(iV^«+P«'4-Q«'4-&cJ v. 

+ ( rn + Till' + r,n" + &c.) d X. 

Now if we multiply by A, aflfect each term 
with the sign J*, and integrate by parts, following 
the process in the article above mentioned ; the 
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equation f ^idx S V-dV i x)=0 will become 
making, for the sake of brevity. 






U 



4- (A/^— &c.) w' 
4- &c. 






+ &c. 



■^MMH^H 
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When u is a maximum or minimum^ Q^zzO, and 
the definite expression £ vanishes. If we assume 
for the determination of X, 

KzzO; 

we shall have 

r -H fUwdxziOy 

of which the part within the sign / furnishes the 
equation 

H = 0. 

39. The equation Fz=.0 may be called the equa- 
tion of condition ; and when the variables are fur- 
ther required to make the function f F^dx £l max- 
imum or minimum ; we may^ as in relative maxima 
/oA.*axi^ minima (28), multiply Fby the indeterminate 
factor A, and take the variation of U=:/X V dx 
-{-fV, dx. Hence we shall have, 

^U = <J f {\V+V,)dxz=.0. 
Let 

dVzzMdx+Ndy + Pdy' + Qdy''-^&c. 
+ Tdu-\rTidu' + T^du-\-&c. 

dV-M^dx+N^dy-{'P^dy'-rQ^df+8ic, 
+ ydu + irdu+^du''-^&c. 
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then if, for brevity, we make 

da d^ dx dj^ 

Am A Mf» Am A mf 



ds 



dx d^ 



r=(Ar+F;) Jx 



V dx ' dx / 

H- (A Q— &c. H- Q — &c.)w' 
+ &c. 



\ dx dx J 

+ (X r,— &c. +?— &c.) n' 

+ &c. 

the equation I UzzO will become 

r+E + /H wdx^ J}^£ldx-=SSy 

in which we may treat the variations of y and u as 
independent, in consequence of the indeterminate 
quantity X. Hence the preceding equation may be 
satisfied generally by decomposing it into the three 
equations 
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A =0, 
HzzO, K=0, 

writing A for the definite part F+E. 

From the latter equations^ X is to be eliminated ; 
and the resulting equation^ combined with the equa- 
tion of condition FzzO, will determine the func- 
tions y and u in terms of x and constant quanti- 
ties. 

And from the equation A=:0^ or 



(AT+r,) ^x 

V. d X 

-|-(A Q— &C.H-Q — &c.) w 
-f- &c. 



dx 



+ &C. 



) 



a; 



V-o, 



\ dx dx / 

-f &c. J 

we may deduce the equation of limits^ 

The following examples will illustrate the pre- 
ceding articles. 
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EXAMPLE I. 



Required the curve which a body must describe^ 
descending in a resisting medium^ to acquire the 
greatest velocity. 

Let V represent the velocity, g the constant force 
of gravity, a vj/ » the resistance, ^ v being a given 
function of the resistance, and a a constant depend- 
ing upon the intensity or measure of the resistance ; 
also let X be supposed vertical, y horizontal, and d s 
an element of the curve. 

The accelerating forces which act upon the body, 
arising from gravity and the resistance, will be ex- 
pressed by 

a X f 

a 8 



hence by the principles of Mechanics, we have 

vdv^i g — — a^l/ V \ d s, 
\ d s / 
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or 



d , v^'^2 g d x + 2 a^ij vx/l-^y' dxzzO : 

put u for v^ and (pu for \|/ 1? ; then this equation 
may be written 



du—2gdx-\-2a^ Uy/\ +y^ dx'=.0: 



d u 



.-. For _ ^2g-{-2a(pu^/\-\-y"'=z0. 
d X 

Differentiating, we have 
d^u , o d.(pu ,T-- — r2i^, , 2a(puy' dy ^ 

Comparing this with the value of rf F in (38)y6./^ 
we have 

i»/=0, N-0, P Ji^llt, Q =0, &c., 

T-2a i:ptvT^, r,=i, r,=o, &c. 

at« 
Hence the equation KzzO, or 

dx dx^ 

from which a is to be determined, becomes 
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du ax 



whence^ 



d X __Q d . (pu 



-2a'tlJLl./\+y'*dx; 
A du 

c being an arbitrary constant quantity, and e the 
base of the Naperian logarithms. 

Again the equation H =0 becomes simply 

rf(^-P) -.o. 

dx 

whence by replacing P and X by their values, and 
integrating, we have 



2a(p uy 



f la 



d, (pu 
du 



V 1 ^-y 2 d x 



= C; 



C being another arbitrary constant including the 



former. 



From this equation we have 



ji.i^^T^u.=^(s..^y. 
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aiid> differentiating^ 

dx "^ i+y"* <P« y 

from which d u must be eliminated by means of the 
given equation^ 



dx 

Let <}>w=:m"=v^", then /" = nu*-\ 

du 

d .^u _ndu . ^^^ ^^ g^^ j^^^^ 
Multiply the equation 



du—'2g dx+2au'*\/l-{-y^ dx:=iO, 

by Tiy and subtract it from the preceding, then we 
shall have 

""^^^ +2ngdx=0. 



y ti +y') 



• ,,-■■ 2»gy'(i+.v'^) . 

. . w — , 

y 
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whence by substitution in the proposed equation^ we 
obtain the differential equation to the curve. 

We may otherwise arrive at the differential equa- 
tion ^ by means of the equations. 



l^=2aX^^iTF (2) 

d X du 

Eliminate d u from equ. (2) by means of equ. (1 ), 
and we have 



2 g d\zz2a^\+y"' (a d.(pu-\-<i>udx) 



=:2a%/l+y^d{x4>u) 



= d Q^^^^^ C dy\ by equ. (3) ; 



integrating. 



2g\ 



^ C(l4-y-) ,^ .^^ 



y 
y 

C being an arbitrary constant. 
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Hence eqiu (3)^ by the elimination of ^9 becomes 

which is the differential equation to the required 
curve. 

With respect to the equation of limits^ we must 

observe that ^=3 2g +2 a<)>u\/l -ty'^, and since 

d X 

u is to be a maximum^ the integral fV^dx cor- 
responds to /— dx; hence the equation Az:0^ 
J d X 

becomes 

\ d X d xj 

+?iL4£iif„+(x+l)n=:0; 

since r=(X r+ T,) J « + A P « 

\^ d X d x/ 

E=(X 2',+T)i2=(X+l)Xi. 

N 
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Restoring the values of « and Q,, putting for 
2 ^ X and 2 a X <{> u their values 



?+ Cand ^^\^^\ 

and reducing, we obtain 

-C^a; + C^y + (X + l)5w=:0. 

If we suppose the two limits of the curve to be 
independent of each other, we shall have 

hence, 

— C^j:i + C^^, + (Xi+1) ^tt,=zO. 

The initial velocity Vq, the square of which is Uq, 
must be given. If we suppose it independent of 
the point of departure, Uq will be a constant quan- 
tity, and consequently its variation ^Uq equal to 0. 
With respect to ^tt„ since it is entirely indetermi- 
nate, we may assume its coefficient X, + 1 = 0, or 
X|=: — 1 ; whence we may obtain the value of the 
arbitrary constant C Thus the two equations of 
limits are reduced to 



/■/ 
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If the limits or extreme points of the cnrve be 
giiren^ ^Xq, Syo, ^ Xi, ^yi, yanish^andthe preceding 
equations verify themselves. 

But if the extremities of the required curve be 
situated upon two given curves, and the motion be 
supposed to commence at the first curve ; represent- 
ing its equation bv ^ (^^ y) = 0^ we deduce 

tl(^ S X + ±lif^ i y = 0. 
d X d X 

d X d X 

from which we have 

^y^y'^x-V; 

whence at the limits 

Similarly, at the second limit, 

these, combined with the equations of limits, give 

Now y'g, y\ represent, respectively, the trigono- 

N 2 
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metrical tangents of the angles which the tangents 
to the two given corves at the limits make with the 
axis of a; ; whence it appears that the tangents at 
these points are parallel to one another^ as in the 
curve of quickest descent in a non-resistii^ me-- 
dium, (Section V. Example VII.) ^- So 



EXAMPLE II. 



Required the curve of quickest descent in a re-> 
sisting medium. 

Let u represent the square of the velocity, and 
suppose ^ u to be the function of the velocity which 
is proportional to the resistance ; then we shall have^ 
as in the preceding example, the equation of con- 
dition. 



^-2g+2a9Mv'l+j^'2=:0, 
a X 

for the determination of te, and the time, which 
must be a minimum, is expressed by 



A/^^- 



itrnmrn^ »■ i m ■ ' m -» 
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Whence, 



du 



d X 



Therefore, 

M=0, N=0, PJ^-^^M. Q=0. &c., 

M,=0, N,zzO,P,zz _ ^__ . Q,=0, &c. 



2«i 



and the equations 

H = 0, K = 0, 
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become^ 



d( ^_ y ^ dr^^^M') 



dx d X 



2ui du dx 

If we make t= \-2a?iSU} the iirst equation^ 

by integration^ gives 

*^' =C..J (1), 



v'l+ys 



C being an arbitrary constant : the second may be 
written thusj 



d X 
d 



^ /c\ ^ d.Su 1 \ 



and the equation of condition^ 



«*'— 2g+2fl(pttv'l+y'*=:0..... (3.) 

furnishes a third, from which the equation to the 
curve is to be derived. 

From the assumed value of t we have 

d t 1 ,o X dx , a »rf*<f>M 

_=z— -_+2a <!>«-— 4.2a A_X_; 

du 2ui du du 
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lience the equation (2,) by substitutiim becomes 
_+(^a«<|>«j--j-J^l+y^=0; 

eliminating <2.i» by means of eqn. (3)> we obtain 



dk dt 



^^n'h'''^^^^'' 



and since 



fVfT7»..=.(.^r;?)-i|^ 



=d (Vl+y ')— C'<^»'> we bjtve. 



2 g^-fL(fl^l±^+cy'=o 

(/ A d X 



integrating^ 



C being another arbitrary constant* 
Substituting for t its value in equ. (1)^ we find 

^£ 



A = 



2g > 
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hence the expression for t may be written 

v« g vy / 

and by substitution in equ. (1), we bare 



Vz — F — Tvy**" > 

The value of u and d u deduced from this and 
substituted in the equation of condition^ will pro- 
duce a differential equation of the second order, 
which is the equation to the required curve. 

In the case of a vacuum^ or non-resisting me- 
dium> a <{> u=0 ; hence we have 






f% 



or 



V^i^l+y'^ 



= C 



(4.) 



Also the equation of condition becomes 



du 
dx 



-2g=0, 
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,' ,uzz,2gx + b; 

b being an arbitrary constaut. 
At the first limit we have 

UQ:=:2gXo + b; 
eliminating b, we shall have for the complete value 

Hence by substituting and writing . for (7inequ. 

c 

(4), we obtain 



Now this equation being of the same form when 
the value of u in terms of x is substituted^ the curve 
is the common cycloid. 

With respect to the equations of limits^ if we 
make in the value of A or r+E, the necessary sub- 
stitutions^ the equation A=:0 will become 

'-:^ ^K'/l ) ^l+y^ [=0; 

replacing u' by its value 2 g— 2 a f u\/l +y''. 
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writing t for — s. + 20X90, and simplifying by 

means of equ. (1), the preceding equation is re- 
duced to 

Since u represents the square of the velodtyj and 
the equation of condition being of the first order 
with respect to Uy the value of u deduced by inte- 
gration will contain an arbitrary constant which will 
depend upon the initial velocity impressed upon the 
body. We may therefore regard the value of tt at 
the first limit as a given function of the initial co- 
ordinates Xq and y^. Representing this function by 
Mo=*(«w yo)> we ^ave 



dx 



so that the equation A=:0^ gives 



dy, 



\yo dxo / 

V dy^ / 

which is the equation of the first limit. 

The case is not the same with respect to u at the 
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second limit ; for the variation ^ u^ in the equation 
A,=:0^ is entirely indeterminate. It is necessary- 
then to equate to its coefficient X^ which will 
enable us to determine the value of the constant O : 
thus we shall have 

J^H-C = X, 2=0; whence C=— -£-, 

so that the eomplete espression for X will he 

""2^ vi' 77/ 

therefore we have, 

which it will be necessary to substitute in the equa- 
tion of the first limit. 

The equation of the second limit A,=:0> since 
A,=0, becomes 

Let dyzin dxht the equation to the given curve 
at the second limit, then we shall have, at this limit, 

^ or i^ = »i, 
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and the above equation may be replaced hj 

a X| 

whence we condude that the carve of quickest de- 
scent cuts the curve which forms the second limit 
at right angles^ a property which is independent of 
the law of resistance. 

Returning to the equation of the first limit : by 
the substitution of the value of X^ found above^ we 
shall have^ 



= 0. 



lyj2g dx, \y\ f/J J 

Now if we represent by dyzzm dx the differ- 
ential equation to the curve forming the locus of the 
first limits we shall have ^y^z^niQ ^o^o ; whence^ by 
substitution^ and omitting the common fiictor Bx^ 
the preceding equation becomes 

1_^1 d.^(x^y,) /\ _\^ 
y\ 2g' dx^ Vy'o y\J I 
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If we suppose the initial velocity ^Uq to be in- 
dependent of the point of departure^ so that Uq or 
* (j^of^o) = constant, we shall have 

4+Wo=Oorl+mo^'=0. 
y, rfx, 

IN^ow ffi, represents the trigonometrical tangent of 
the angle which the tangent to the curve of the 

d 11 
first limit makes with the axis of x; and --^' ex- 

presses the trigonometrical tangent of the angle 
-which the tangent to the line of quickest descent, at 
the point where it meets the second limit, makes 
inrith the same axis ; therefore the curve of the first 
limit is perpendicular to the line of quickest descent 
at the second limit ; and as we have seen that the 
same line is perpendicular to the curve of the se- 
cond limit, it follows that the line of quickest de- 
scent must meet the two given curves in points 
where their tangents are parallel to one another. 

If we suppose the initial velocity to be that which 
the body would acquire in falling from a given 
point ; calling h the height of this point above the 
horizontal axis of y, we shall have h-^-x^ for the 

height due to the initial velocity v^Uq. By the 
principles of Mechanics, we have 

Wo=:2g(A+Xo); 
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whence 

and consequently^ 

these reduce the equation of the first limit to 

dxo 

which shews that the curve of quicdoeat descent cuts 
the curve of the first limit also at right angles. 

Thus the conditions relatire to the limits are in- 
dependent of the resistance of the medium. Cal^ 
cul des Fonctiom, p« 498. 
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SECTION IX. 



40. Hitherto we have been considering functions 
of only one independent variable; but there are 
questions in which one variable is a function of other 
variables not necessarily connected^ for instance 
ivhen zzz^ (x, y) is the equation to a curve surface. 
If we wish to pass from this surface to another 
surface indefinitely near the first, the ordinate z 
may vary independently of x and y, or a point in 
one surface may be transported to the other surface 
in the direction of the ordinate 2. But, for gene- 
rality> we shall consider the vadatioa of z as a 
function of x and y. In whatever way the double 

integral f fV dx dy, may be supposed toarise, it 

may always be referred to a volume or to a curve 
(Surface; and the simplest way is to consider the 
limits as determined by cylindrical surfaces perpen- 
dicular to the plane xy, in which case, Ixy ^y va- 
nish at the limits. When the limits are the inter- 
sections of the required sur^Eice with surfaces in- 
clined to the plane x y, these co-ordinates, as well 
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as z, vary at the limits. In general^ however^ the 
variation of x depends only upon x, and that of y 
only upon y. 

In fact let 

dzzz'pdx-^-p^dy, 

dpzzq dx+q,dy, dpzzq^dx+q^^dy, 
&c. 

then> 

^ ^^dz^dSz^pd$x 
dx dx 

^ ^ d z^d$z-^p/i$y 

where it must be observed that y is considered con- 
stant in the first> and x in the second. 



Now> 



^' dy dx 

dy dy 



d^V,—Q, dlx 
or zz — £jL_.li 

dx 
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but 



and 



dx ) 

dy" dy 

^■■■p ^^^■^"^^^^"^* ^■^^^■^■^^^^■^*'^ ^^^^■'^■^^^^™ ' ■• * 

dxdy dx dxdy 



^ /d^z-p,dSy\ 
d^V.^ \ dy J 



dx d X 

dy dx dy dy dx 

whence we have> for the value of ^gr^, the two quan* 
titles^ 

^ ^ g _ g/ d^ y _ q,dB,x _ pd^Bx 
dxdy dy dx dx dy' 

d^ $.z ^q,d$ X ^q^dS y ^p,d^^y ^ 
dy dx dx dy dy dx' 

in which we find the two essentially different terms 

pd'^x ^^^ p, d" Sy , 
dx dy d y dx 
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these can only be made to disappear by supposing^ y 
not to enter into ^ x, nor x into d^. 



41. Let i^ be a given function of the two inde- 
pendent variables x, y and other quantities depend- 
ing upon them ; we shall represent by K\ K", K'"y 
&c.^ the differential coefficients of K taken ivith 
respect to x and quantities depending upon x, and 
by K^y K^, K^^^j &c., the analogous differential co- 
efficients relative to y. Thus we shall have 

d X ' ^ y * dx^ 



dUj,- "JTd^- " ^- 

The limits^ whether known or unknown^ of the' 

double integral j j K dx dy, will not be indicated 

here ; but. we may. observe that, if this integral be- 
long to a zone of sur&ce comprised between two 
curves returning into themselves^ either of simple 
or of double curvature, and^o;, y> 2 be the rectangular 
co-ordinates of any point of the surface; the two 
limits correspond to the projections of these two 
curves upon the plane xy ; and we shall represent 

hy (jKdxJQ^ ( J^ dyjQy the values of any 
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integrals f'Kdx, jKdy at the first limit, and 

by f JKdx V, i iKdy V their values at the se- 
cond, limit ; so that the first two belong to the in- 
terior curve and extend to its entire outline, and 
the latter two extend to the entire length of the ex- 
terior curve. 

42. Now z being an unknown function of x and 
n^, also V a given function of 

«, y, 2, z, z^ z\ z\, z,^ &c., 
mre proceed to investigate the variation of the double 
integral 

X^zzJTVdxdy. 

We have at first, 
^\i=JTl{Vdxdy) 

-CCl V dxdy-^Jfvi (dx dy) 

—ff^Vdxdy+JTVidy^dxJtdxidy); 

integrating by parts, 

JTV dyldx.ixfjVdydlx 

zzpx Vdy^JTlxVdxdy, 

o a 
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whence we have 
m—ff^ Vdy dx+JSxFdy+Jly Vdx 

—JhxVdy-^JlyVdx 

JfffC^V^V'U-VJ^dxdy (1) 

Representing the complete differential of V by 
d F=Ldx+Mdy+Ndz-i'Pdz'\'Qdz^ 

+Rdz"-^Sdz\-\-Tdz^^^&c., 
we have 

+ 22z" + S/',+&c., 
+ rz'^^+&c., 

y-M+Nz^+P2\+Qz^^-\-&c. 
•^Rz\+S:^,,-\-&c. 
+ rz^,4-&c., 

lV=:L$x+M$y+NSz + P8z'-^Q-$z^ 

'\'R$z"'^S$z\'^T$z,.Sic. 
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These values being substituted in the function 
$ y — Vlx^V^^tfy give, after some reductions, 
the equivalent expression 

-f Q (^ z -z', ^ar-2^^ ^y)-\-R (5 z'^z'" $ x^z\ ^y) 
+ 5 (^z'-z'; ^x^7^'jy)^mz;^z'jx^zjy) 

4-&C. 

Since 

, d z J, / ^ d z . 

dx d X 

dS z-^z' d $ x 



dx 



:. ^z'-z- Jx-z' , d(Sz^z'$x^zJy) 

' ^ dx 



Also z^ = -^, whence Jz — ^ — 
dy dy 

^d^ z—z^d Sy , 
"" dy ' 

• »- «' s> > ^d($z — z' 8 x^z^^ y) 

. , J 2^—2 ^ a «— Z^ d y — — i i— iL/. 



If, for brevity, we make 
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the preceding equations may be written 



:^-^zJx^z^Jy=cv^y" 



Now since these exist for any function z of x^ y, 
we may substitute successively z', z^ z", &c., in the 
place of z. Hence if z* be written for z in tbe 
first equation^ it becomes 

a X 

but differentiating the first equation (2), with re- 
spect to X, we have 

d z'^z" S x^»\ ^9) ^d ou , 
dx dx 

.-. ^^'^z"'lx—z'\ly^w\ 

By writing z^ for z in the second equation^ we 
shall find in the same manner^ 

Bz — Z. ^ X'-'Z ^ V^.af . 

Again, if we put z* in the place of z in the se- 
cond equation, we shall have 
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52',-2^ Jx-2^,5y=:— i i.J!l; 

iiy 

and the differentiatioKi of the first equation (2)^ re- 
lative to y, gives 

dy dy ' 

whence we have 

continuing in this manner it will be easy to 6ee> 
whatever be the indices m and n, that 



<m) (m+1) <«) (m) 

(n) 



(»») (»+l) '' (») 



By means of this general theorem the preceding 
value of 

is reduced to 

Hence the expression for the variation of U^ equ, 
(1)> becomes 

$V=fV^^dy+rV$ydx 
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If we integrate by parts^ we shall make the dif- 
ferential coefficients of cv disappear under the dou- 
ble sign / /. Thus we have, at first, 

* 
JYPw'dxdy^JPcody-^JJP'^dxdy, 

IfQta^dx dyzziCioi} dx-^fCQ^^dx dy; 

also, two successive integrations with respect to x 
and to y will give, respectively, 

JTrJ' dx dyzzjRoj' dy^Jkt, dy ^JTR'^ dx dy, 
CCTu)^, dx dy-jTi^^dx^jT/, dx^ffT,/^ dx dy ; 

Again, integrating first with respect to y and 
then with respect to x, we shall have 

jfplo^', dx dy zzJSuj' dx—fSoj, dy \ffsiw dx dy ; 

but integrating in an inverse order, we have 

fpSuj^dx dy—fSoj, dy-^fStJ dx-{-fTs\ cvdxdy; 

for symmetry of expression in the variation of U, 
we shall take half the sum of these equivalent ex> 
pressions ; whence we have 
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-yS.u; dy-lfS'oj dx 
+ ns\u} dx dy. 

In a similar manner we may integrate the fol- 
lowing terms, I/Tuj^^ dx dy, &c. 

Collecting these terms and , substit^ting them in 
equation (3), taking the single integrals between 
limits, and supposing the double integrals to be 
taken between the same limits, we shall have for 
the variation sought, 

$ XJzzT-^-ffii (xj dxdy (C), 

making, for brevity, 

H = 2Sr-. F - « + /J" + aS^, -r r, ~&c. 

^ =^J*V S X d y\ -^^fV 8 X dy\ 
'^(fy^ydxy^(jV^ydx^^ 

+ 1 fPw dy +JQ.'^ <*« — fRto dy 

- \Js,wdy-\JS'w dx-J^T,uidx+&cA^ 



o 
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-h ij^^' dy + 1 A^' £ix— &c.^ 
—^rTuj^dx + \rS:v, dy^8ic\ 



-h &c. 

43. When U is a maximum or minimum^ we 
must have ^U=zO; and the double integral which the 
formula (C) contains^ being irreducible to single in- 
tegrals^ since a; is an arbitrary function of x and y, 
it is necessary that the two terms of that formula 
should separately vanish ; whence we conclude 
that 

r = 0, H = 0, 

which are the equations of the maximum or mini- 
mum of the double integral proposed. 
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Tbe equatien H:=0 will make known thd func- 
tion, e in terms of x and y. If the given function 
f^ contain partial differentials of the order n, 
that equation will be of the order 2 n, and its com- 
plete integral will contain 2 n arbitrary functions. 
Tf the limits of the double integral are variable and 
unknown^ the equation FrzO will be decomposed 
into several others^ the number and nature of which, 
according to different cases, involve considerations of 
muc^ delicacy and difficulfy. These we shall not 
examine ; but .the student who may be desirous of 
pursuing the subject, may consult a memoir of M. 
PpissQU^s^ S»r le CaJcul des Variations in the Mem. 
dfi t4*^d0 Rot/, des Spien, Tom* XII. pp. 298 — 

m. 

44. We may easily extend the preceding analysis 
to triple, quadruple, &c., integrals. In the case of 
a triple integral, we shall find for its variation an 
expression analogous to the formula (C), composed 
of a triple integral and of another part containing 
double integrals relative to the limits of the triple 
integral, which we are considering. We may also 
suppose the quantity under the signs of integration 
to contain several unknown functions of independ- 
ent variables ; these functions being independent of 
one another or connected by given partial differential 
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equations : the consideration of which embraces no- 
thing new either in principle or in the mode of iii- 
vestigation. 

45. As to the determination of relative maxima 
or minima of multiple integrals, we may reduce.Lthe 
subject to a problem of absolute maximum or mini- 
mum by the method of (28), which evidently sub- 
sists, whatever be the number of the independent 
variables. . Thus, if the first of the. double integrals^ 

JTf dx dy^ffT dx dy^ffwdx dy,8ic., 

is to be a maximum or minimum, and the. others are 
to have given values, the question will be solved by 
the determination of the absolute maximum or mi- 
nimum of another double integral, viz. 

\3=JJ(JJ^a T'\-b W-\-&c.) dxdy, 

a, b, &c., being unknown constant quantities, to be 
determined from the given values of the latter inte- 
grals. 

We shall terminate this subject with the follow- 
ing examples relative to double integrals. 



- 



\*:-^ 
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EXAMPLE L 

To find a solid whose surface between certain li- 
mits is a minimum. 

Here we have 

Vzzl I ^ 1 -f- z'^ + z^ dx dy, a minimum ; 



Vzzv^l+z'^+s;/: 



«' r^ Z. 



. . i\r=0, P = l, Qn^S R=0, &c. 

/J"=0, &c. 
Hence the equation HzzO becomes 

which is the differential equation to the solid of 
least surface. \ 



1 
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EXAMPLE II. 

Among all solids of equal oapAdl^- to 'fiflfd that 

which has the least surface. 

Since the surface which is to be a minimum^ is 
expressed by fj -v/TT^Tm^ dx dy, and the given 

solidity^ by ffz dx dy ; we have to rtake the 
function 

U=/7Y^\/l+iS'^+zf+ajs I dx dy, a minimum. 
Here 



hence we have 

qQ+2f''\'Z,')i-'il+z*y'\'2zz/,--{\+zJ)z,,zzO, 
the general equation to the curve surface. 
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The Complete integral of each of these equations 
will contain two arbitrary functions," which must be 
assumed in such a way that the surface may pass 
through the given curves which form the bounding 
limits. 
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